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Abstract
Wojda, Rafal Piotr. Ph.D., Engineering Ph.D. Program, Wright State Univer-
sity, 2012. Winding Resistance and Winding Power Loss of High-Frequency Power
Inductors.
The scope of this research is concentrated on analytical winding size optimization
(thickness or diameter) of high-frequency power inductors wound with foil, solid-
round wire, multi-strand wire, and litz-wire conductors.
The first part of this research concerns analytical optimization of the winding size
(thickness or diameter) for the inductors conducting a sinusoidal current. Estimation
of winding resistance in individual inductor layers made of foil, taking into account
the skin and proximity effects is performed. Approximated equations for the winding
power loss in each layer are given and the optimal values of foil thickness for each
layer are derived.
A low- and medium-frequency approximation of Dowell’s equation for the mul-
tilayer foil winding is derived and analyzed. A new closed-form equation for the
optimum foil thickness at which the global minimum of the winding ac resistance
occurs is derived and an equation for the foil winding hill thickness at which the local
maximum of the winding ac resistance is obtained is given.
An analytical optimization of solid-round-wire windings conducting a sinusoidal
current is performed. New closed-form analytical equations are derived for the nor-
malized valley diameter, normalized hill diameter, and normalized critical diameter.
An approximate model for multi-strand wire winding, including litz-wire winding
is presented. The proposed model is evaluated using Dowell’s equation. The model
takes into consideration the existence of proximity effect within the litz-wire bundle,
i.e., between the strands as well the skin effect. New closed-form analytical equations
are derived for the normalized strand diameter to achieve the local minimum of the
iii
ac winding losses for sinusoidal current.
The second part of this research concerns analytical optimization of the winding
size (thickness or diameter) for the inductors conducting harmonic currents with
and without dc offset. Analytical winding power loss minimization of foil inductors
conducting ac harmonic currents with and without dc offset is presented.
Equations for the optimum foil thickness of inductors operating with multi-harmonic
ac currents and equation for the optimum foil thickness of inductors operating with
multi-harmonic ac currents superimposed on the dc current are derived. The de-
sign procedure for the foil inductor with optimized foil thickness is presented for
a pulsewidth-modulated (PWM) dc-dc boost converter operating in discontinuous
conduction mode (DCM).
An analytical optimization of solid-round-wire windings conducting both the dc
and ac non-sinusoidal periodic currents is performed. Closed-form analytical equa-
tions for the normalized total-power-valley diameter and the normalized total-power-
critical diameter are derived for inductors conducting ac non-sinusoidal periodic cur-
rents superimposed on the dc component. A design procedure of the inductor with
an optimized winding diameter operating in PWM dc-dc buck converter in DCM is
also presented.
Experimental verification of an analytical equations for foil, solid-round-wire, and
litz-wire windings conducting sinusoidal currents is performed. Likewise, experimen-
tal verification of an analytical equations for foil and solid-round-wire winding induc-
tors operating in PWM dc-dc power converters conducting non-sinusoidal periodic
currents is also performed.
iv
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1 Introduction
1.1 Background
Power electronics is a discipline spawned by real-life applications in industrial, com-
mercial, residential, medical, military, and aerospace environments. Much of its
development evolves around some immediate needs for solving specific power con-
version problems. In the age of a constant improvement and advancement of new
wide bandgap semiconductor devices such as silicon carbide (SiC) and gallium ni-
tride (GaN), the problem of low efficiency at high frequencies of the switching-mode
power converters due to the conduction and switching losses becomes less signifi-
cant. This is mainly because these devices characterize with a low gate capacitance
and low on-resistance, which permits much higher switching frequencies and much
lower losses than those in competing silicon devices. However, improved performance
of semiconductor devices eventually will not solve the problem of low efficiency in
switching-mode power converters because of inevitable use of magnetic components.
Accompanying losses in semiconductor devices for the switching-mode power convert-
ers are losses in magnetic devices [1]-[84].
Power inductors and transformers are common magnetic devices used in power
electronic circuits and their importance in modern technology is ever increasing. They
are used in many electrical engineering applications, such as power supplies, elec-
tric vehicles, aircraft, renewable energy, induction heating, battery chargers, energy
scavenging, amplitude modulators for radio transmitters, energy harvesting, telecom-
munications, and other high-frequency circuits. Their role in these applications is
to store and transfer energy through the magnetic field with the highest possible
efficiency and also to provide filtering.
Increased operating frequencies and high values of both the dc and ac non-sinusoidal
periodic currents flowing through the inductor or transformer windings become a sig-
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nificant problem [12]-[30]. The results of these studies show that power losses in
magnetic device windings may be similar or sometimes even greater, especially at
high frequencies, than the losses in semiconductor devices.
The winding power losses of power inductors and power transformers operating
in switching-mode power converters are composed of the dc loss and the ac loss. The
winding dc power loss is caused by the flow of the dc current through the winding.
The ac winding power loss is a result of the superposition of two self-induced eddy-
current density distributions. The self-induced distributions of eddy-current densities
are caused by two orthogonal effects: the skin effect and the proximity effect [1]-[51],
[56]-[64], [65]-[71], [73]-[76], [78]-[84]. Both these effects increase with the operating
frequency. The skin effect is caused in a conductor by the magnetic field induced
by its own current, resulting in a higher current density closer to the surface of the
conductor than that in the center of the conductor. The proximity effect is caused
by magnetic fields induced by currents flowing in adjacent conductors, resulting in
non-uniform current density distribution in the conductor cross section.
A reduction in the winding dc power loss can be achieved by increasing the cross-
sectional area of the winding conductor. The skin effect and the proximity effect are
greatly dependent on the winding conductor size (thickness or diameter). A reduction
in the winding ac power loss can be achieved by optimization of winding conductor
size (thickness or diameter).
1.2 Winding Types
Different kinds of winding conductors such as: foil, strip (rectangular), square-wire,
solid-round wire, and litz-wire are used in high-frequency magnetic devices. Their
application depends on the electrical, mechanical, and thermal requirements of a
designed magnetic component.
Thermal, mechanical, and electrical properties of foil inductors are much better
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than the properties of inductors made of round wires. First of all, thermal dissipation
property of the inductor wound with a round wire is worse than the inductor wound
with foil. For a multi-layer round wire inductor, the innermost layer is isolated from
the ambient surroundings. In contrast, in foil inductors where the foil extends over the
entire width of the inductor, every layer has two edges in contact with the surrounding
environment, facilitating heat transfer. Second, mechanical vibrations or high current
flow can cause loosening of round wire windings. Third, voltage stresses between the
layers are constant in foil inductors, while in round wire inductors stresses between
the two layers of the inductor depend on the number of turns in the layer. Fourth,
foil inductors have approximately homogeneous tangential magnetic field, and 1-D
Dowell’s equation [2], which was derived under this assumption, gives quite accurate
description of the winding resistance. Additionally, the core window utilization area
for the foil inductors is higher than for the round wire inductors because of the unused
space between wires and the insulation that is used to coat the wire. However, foil
winding inductors tend to have relatively high self-capacitance and therefore a low
first self-resonant frequency [14], [79], [80].
Solid-round-wire winding inductors are widely used in PWM dc-dc power convert-
ers, resonant power converters, resonant inverters, EMI filters, and magnetic sensors.
The advantage of solid-round conductors is a low cost.
Parallel multi-strand wire, including the litz-wire or in German Litzendraht are
used to reduce winding power losses of inductors and transformers. A multi-strand
wire winding consists of at least two strands, and a litz-wire winding consists of many
strands, up to couple of thousands of strands in a bundle [87].
1.3 Objectives
The study conducted in this research concerns windings made of foil, solid-round
wire, and litz-wire including multi-strand wire. The objectives of this research are
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twofold. Firstly, for the windings conducting only sinusoidal currents the objectives
are:
• to derive an expression for the normalized valley thickness of the foil inductor
windings, where the global minimum of the ac winding resistance occurs;
• to derive an expression for the normalized foil hill thickness at which the winding
ac resistance reaches its local maximum;
• to derive an expression for the normalized valley wire diameter of solid-round
wire inductor windings, where the local minimum of the wire ac winding resis-
tance occurs;
• to derive an expression for the normalized critical wire diameter of solid-round
wire inductor windings, where the ac winding resistance is equal to the winding
resistance at the valley wire diameter;
• to determine the normalized hill diameter of the solid-round wire windings,
where the local maximum of the wire ac winding resistance occurs;
• to determine the boundary frequency between the low-frequency and medium-
frequency ranges for a solid-round wire windings.
• to introduce a model of litz-wire winding;
• to adapt Dowell’s equation for the litz-wire winding model;
• to develop a relatively simple equation for the resistance of litz-wire winding;
• to determine the optimum strand diameter;
• to determine the number of strands in the litz-wire bundle at which the mini-
mum winding ac resistance is obtained;
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• to determine the boundary frequency between the low-frequency and medium-
frequency ranges for a litz-wire winding and a solid-round wire winding;
• to compare the resistance of a litz-wire winding with that of a solid-round wire
winding over a wide frequency range;
• to experimentally verify the analytical equations for foil, solid-round-wire, and
litz-wire windings conducting sinusoidal currents.
Secondly, for the windings conducting ac non-sinusoidal periodic currents the ob-
jectives are:
• to derive an expression for the optimum foil thickness in order to achieve the
minimum ac winding power loss of a foil inductor conducting ac harmonic cur-
rents;
• to show the relationship among the fundamental current, the dc current, and
the number of layers for which the local minimum of the total dc and ac solid-
round-wire winding losses exists;
• to derive an expression for the normalized total-power-valley wire diameter of
the solid-round-wire windings, where the local minimum of the winding dc and
ac power losses (valley) occurs;
• to derive an expression for the normalized total-power-critical wire diameter of
the solid-round-wire windings (greater than the normalized total-power-valley
wire diameter), where the winding dc and ac power losses are equal to the
winding dc and ac power losses at the local minimum (valley);
• to present the design procedure of the inductor optimized for the minimum of
winding dc and ac power losses for the PWM dc-dc buck converter operating
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in discontinuous conduction mode (DCM) and to verify the optimization by
measurements.
• to experimentally verify the analytical equations for the foil and the solid-round-
wire winding inductors operating in PWM dc-dc power converters in DCM,
conducting non-sinusoidal periodic currents.
Results obtained in this research are very useful for many designers since it helps
to choose the optimum foil thickness or optimum solid-round wire/strand diameter
based on the inductors operating frequency, the number of winding layers, and the
current waveform.
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2 Foil Winding Resistance and Power Loss in In-
dividual Layers of Inductors Conducting Sinu-
soidal Current
This chapter presents an estimation of high-frequency winding resistance and power
loss in individual inductor layers made of foil, taking into account the skin and prox-
imity effects. Approximated equations for power loss in each layer are given and the
optimal values of foil thickness for each layer are derived. It is shown that the winding
resistance of individual layers significantly increases with the operating frequency and
the layer number, counting from the center of an inductor. The winding resistance
of each foil layer exhibits a minimum value at an optimal layer thickness. The total
winding resistance increases with the total number of layers.
Generally, the power loss in the winding of an inductor at high frequencies is
caused by two effects of eddy currents: skin effect and the proximity effect [1]-[51],
[56]-[64], [65]-[71], [73]-[76], [78]-[84]. These effects influence the distribution of the
current in the conductor, causing an increase in the winding resistance. Moreover, the
winding resistance and the winding power loss increase with the operating frequency.
The skin effect is caused in the conductor by the magnetic field induced by its own
current. The skin effect is identical in all layers. The proximity effect is caused by the
magnetic field induced by currents flowing in the adjacent conductors. The proximity
effect increases rapidly when the layer number increases. Inductors made of copper
foil have beneficial properties in designing power circuits. Its thermal, mechanical,
and electrical properties are much better than the properties of round wire inductors.
Foil winding are attractive in low profile inductors and transformers. In addition,
they are commonly used in high current magnetic components.
The purpose of this chapter is to present the analysis of winding resistance of
individual layers in multi-layer foil inductors with a magnetic core and compare their
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properties with those of the uniform layer thickness.
2.1 General Equation for Resistance of Individual Layers
Inductors made up of straight, parallel foil conductor are considered. There is one
winding turn in each layer. This model can be used for low profile flat inductors
and inductors wound on round magnetic cores with low radius of curvature. The
magnetic field H in this kind of inductors can be described by the second-order
ordinary differential equation, called the Helmholtz equation,
d2H
dx2
= γ2H, (2.1)
where γ is the complex propagation constant described by
γ =
√
jωµ0σw =
√
jωµ0
ρw
=
√
2j
ρw
=
1 + j
ρw
, (2.2)
the skin depth is
δw =
√
ωµ0σw =
1√
πfµ0σw
=
ρw
πfµ0
, (2.3)
ρw = 1/σw is the conductor resistivity, f is the operating frequency, and µ0 is the free
space permeability. The solution of (2.1) leads to the distribution of the magnetic
field intensity H and the current density J in the n-th winding layer. The complex
power in the n-th layer is [14]
Pwn =
ρwlT I
2
mγ
2b
[
coth(γh) + 2(n2 − n) tan
(
γh
2
)]
, (2.4)
where h is the thickness of foil, b is the breadth of the foil and lT is the mean turn
length (MTL). Assume that the current flowing through the inductor foil winding is
sinusoidal
iL = Im sin(ωt). (2.5)
The time-average real power loss in the n-th layer is
Pwn = RwnI
2
rms = [Rskin(n) +Rprox(n)]I
2
rms = [Rskin +Rprox(n)]I
2
rms, (2.6)
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Figure 2.1: 3-D plot of ac-to-dc resistance ratio FRn as a function of h/δw and n.
where Rskin(n) = Rskin is the resistance of each layer due to the skin effect and is
the same for each layer and Rprox(n) is the resistance of the n-th layer due to the
proximity effect and appreciably increases from the innermost layer to the outermost
layer. If the RMS current is equal to the dc current through the inductor, then the
time-average real power loss in the n-th layer of the winding Pwn, normalized with
respect to the dc power loss Pwdcn, is equal to the ac-to-dc resistance ratio of the n-th
layer Rwn/Rwdcn. Hence, the ac-to-dc resistance ratio in the n-th layer is given by [2]
FRn =
Pwn
Pwdcn
=
Rwn
Rwdcn
=
(
h
δw
)
[
(2n2−2n+1)
sinh( 2h
δw
) + sin( 2h
δw
)
cosh( 2h
δw
)− cos( 2h
δw
)
−4(n2−n)
sinh( h
δw
) cos( h
δw
) + cosh( h
δw
) sin( h
δw
)
cosh( 2h
δw
)− cos( 2h
δw
)
]
.
(2.7)
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Figure 2.2: Individual layers ac-to-dc resistance ratio FRn as a function of h/δw for
each of the first several layers.
Fig. 2.1 shows a 3-D plot of ac resistance ratio FRn as a function of h/δw and n.
Fig. 2.2 shows plots of FRn as a function of h/δw for several individual layers. It can
be seen that the normalized ac-to-dc resistance ratio FRn significantly increases as the
ratio h/δw increases and as the layer number n increases, counting from the innermost
layer to the outermost layer. At a fixed foil thickness h, three frequency ranges can
be distinguished: low-frequency range, medium-frequency range, and high-frequency
range. In the low-frequency range, h << 2δw, the skin and the proximity effects are
negligible, the current density is uniform, Rw ≈ Rwdc, and therefore FRn ≈ 1. In
the medium-frequency range, the current density is no longer uniform, and thereby
FRn increases with frequency. The boundary between the low and medium frequency
ranges decreases as the layer number n increases. In the high-frequency range, the
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Figure 2.3: Plots of FRn and FR as a function of h/δw for three layer foil winding
inductor (Nl = 3) and for total resistance of three layers.
current flows only near both foil surfaces and FRn increases with frequency. The
rate of increase of FRn in the high-frequency range is lower than that in the-medium
frequency range for n ≥ 2. The sum of the ac-to-dc resistance ratios of all layers is
given by
FRNS =
Rw1
Rwdc1
+
Rw2
Rwdc2
+
Rw3
Rwdc3
+ ... +
RwNl
RwdcNl
=
Nl
∑
n=1
FRn. (2.8)
where Nl is the number of foil winding layers. Fig. 2.3 shows plots of FRn and FRNS
as functions of h/δw for three-layer foil winding inductor.
The ac-to-dc resistance ratio FRn can be expressed as
FRn = FS + FPn, (2.9)
where the skin effect ac-to-dc resistance ratio is identical for each layer and is expressed
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Figure 2.4: Skin effect factor FS as a function h/δw for each layer.
by
FS =
Rskin
Rwdcn
=
(
h
δw
)
sinh( 2h
δw
) + sin( 2h
δw
)
cosh( 2h
δw
)− cos( 2h
δw
)
(2.10)
and the proximity effect ac-to-dc resistance ratio of the n-th layer is given by
FPn =
Rprox(n)
Rwdcn
= 2n(n− 1)
(
h
δw
)
sinh( h
δw
)− sin( h
δw
)
cosh( h
δw
) + cos( 2h
δw
)
. (2.11)
The skin effect factor FS is identical for all the winding layers. The proximity effect
factor FPn is zero for the first layer and rapidly increases with the layer number n.
For multi-layer inductors, the proximity effect becomes dominant. Fig. 2.4 shows
the skin effect factor FS as a function of h/δw for each layer. It can be seen that the
skin effect is negligible for h/δw < 1. For h/δw > 1, FS increases rapidly with h/δw.
The proximity effect factor FPn as a function of h/δw is shown in Figs. 2.5 and 2.6
in linear-log and log-log scales, respectively. It can be seen from Fig. 2.5 that the
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Figure 2.5: Proximity effect factor FPn as a function h/δw for n-th layer in linear-log
scale.
proximity effect is negligible for h/δw < 1 and does not exist for the first layer. It
can be observed from Fig. 2.6 that the proximity effect factor FPn increases rapidly
with h/δw for the range 1 < h/δw < 2 and increases with h/δw at a lower rate for
h/δw > 2.
2.2 Optimum Thickness of Individual Layers
The effective width of the current flow is approximately equal to the skin depth δw.
Therefore, the winding resistance and the power loss in the innermost layer at high
frequencies are, respectively,
Rw1(HF ) =
ρwlT
bδw
(2.12)
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Figure 2.6: Proximity effect factor FPn as a function h/δw for n-th layer in log-log
scale.
and
Pw1(HF ) =
ρwlT I
2
Lm
2bδw
. (2.13)
The dc resistance of a single layer is
Rwdc1 =
ρwlT
hb
. (2.14)
The normalized winding resistance of the n-th layer is
Frn =
Rwn
ρw lT
bδw
=
Rwn
Rw1(HF )
=
FRn
h
δw
= (2n2 − 2n+ 1)
sinh( 2h
δw
) + sin( 2h
δw
)
cosh( 2h
δw
)− cos( 2h
δw
)
− 4(n2 − n)
sinh( h
δw
) cos( h
δw
) + cosh( h
δw
) sin( h
δw
)
cosh( 2h
δw
)− cos( 2h
δw
)
.
(2.15)
Fig. 2.7 shows a 3-D plot of normalized ac resistance Rwn/(ρwlT/bδw) as a function of
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Figure 2.7: 3-D plot of normalized ac resistance Rwn/(ρwlT/bδw) as a function of h/δw
and n.
h/δw and n. Fig. 2.8 shows plots of Rwn/(ρwlT/bδw) as a function of h/δw for several
individual layers. It can be seen that the ac resistance reaches a fixed value at higher
values of h/δw . It can be also seen that the plots exhibit minimum values. Fig. 2.9
shows these plots in the vicinity of the minimum values in more detail.
2.3 Approximation of Rwn/Rw1(HF )
An exact analytical expression for the minimum winding resistance of individual
layers cannot be found from (2.15). For low and medium foil thicknesses, the winding
resistance of the first layer, (2.15) can be approximated by
Frn =
Rwn
ρw lT
bδw
=
Rwn
Rw1(HF )
=
Pwn
Pw1(HF )
≈ 1h
δw
for
h
δw
< 1 and n = 1 (2.16)
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of the first several layers.
and for large foil thicknesses,
Frn =
Rwn
ρwlT
bδw
=
Rwn
Rw1(HF )
=
Pwn
Pw1(HF )
≈ 1 for h
δw
> 1 and n = 1. (2.17)
Fig. 2.10 shows the exact and approximate plots of Rw1/(ρwlT/bδw) as functions of
h/δw for the first layer. For low and medium foil thicknesses, the normalized winding
resistance and normalized winding power loss in the n-th layer can be approximated
by
Frn =
Rwn
ρwlT
bδw
=
Rwn
Rw1(HF )
=
Pwn
Pw1(HF )
≈ 1h
δw
+
n(n− 1)
3
(
h
δw
)3
for
h
δw
< 1.5 and n ≥ 2
(2.18)
or
FRn =
Rwn
Rwdc1
=
Pwn
Pwdc1
≈ 1 + n(n− 1)
3
(
h
δw
)4
for
h
δw
< 1.5 and n ≥ 2. (2.19)
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Fig. 2.11 shows exact and approximate plots of Rw3/(ρwlT/bδw) as functions
of h/δw at n = 3 for low and medium foil thicknesses. It can be seen that the
approximation is excellent in vicinity of the minimum value of the layer resistance.
For high thickness of the foil, the normalized winding resistance and normalized
winding power loss in the n-th layer is approximately given by
Frn =
Rwn
Rw1(HF )
=
Pwn
Pw1(HF )
≈ n2 + (n− 1)2 for 5 ≤ h
δw
≤ ∞ (2.20)
or
FRn =
Rwn
Rwdc1
=
Pwn
Pwdc1
≈
(
h
δw
)
[
n2 + (n− 1)2
]
for 5 ≤ h
δw
≤ ∞. (2.21)
Fig. 2.12 shows exact and approximate plots of Rw3/(ρwlT /bδw) as functions of h/δw
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Figure 2.10: Exact and approximated plots of Rw1/(ρwlT/bδw) as a function of h/δw
for n=1.
at n = 3 for high foil thicknesses.
Taking the derivative of (2.7) with respect to h/δw, we obtain
cos
(
h
δw
)
=
n− 1
n
cosh
(
h
δw
)
. (2.22)
For n = 1, (2.22) becomes
cos
(
h
δw
)
= 0, (2.23)
which gives the optimum thickness of the first layer, subjected only to the skin effect
hopt1
δw
=
π
2
for n = 1. (2.24)
For n ≥ 2, (2.22) has no closed-form solution and was solved numerically; the exact
results are given in Table 2.1. In order to obtain analytical expression for hopt/δw, we
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Figure 2.11: Exact and approximate plots of Rw3/(ρwlT/bδw) as functions of h/δw at
n = 3 for low and medium thickness.
will use (2.18). The minimum values of the ac resistance Rwn(min) and the winding
power loss Pwn(min) in the n-th layer for n ≥ 2 are obtained by taking the derivative
of (2.18) and setting the result to zero
d
(
Rwn
Rw1(HF )
)
d
(
h
δw
) =
−1
(
h
δw
)2 +
(
h
δw
)2
n(n− 1) = 0, (2.25)
yielding the optimum thickness of the n-th layer
hoptn
δw
=
1
4
√
n(n− 1)
for n ≥ 2. (2.26)
The approximated results of hoptn/δw, are listed in Table 2.1. The minimum normal-
ized power loss in the n-th layer is
Rwn(min)
Rw1(HF )
=
Pwn(min)
Pw1(HF )
=
4
3
4
√
n(n− 1) for n ≥ 2. (2.27)
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Figure 2.12: Exact and approximate plots of Rw3/(ρwlT/bδw) as functions of h/δw at
n = 3 for high thickness.
Dividing (2.26) by (2.24), one obtains the ratio of the optimum thickness of the
n-th layer to the optimum thickness of the first layer as
hoptn
hopt1
=
2
π 4
√
n(n− 1)
for n ≥ 2. (2.28)
2.4 Example for Optimum Winding Resistance
The minimum winding resistance can be achieved when the thickness of each layer is
different and equal to the optimum value given by (2.24) and (2.26). For three-layer
copper inductor and conducting sinusoidal current at frequency 43 kHz, the optimum
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Layer Number Exact Approximate
n hoptn/δw hoptn/δw
1 π/2 1.5707
2 0.823767 0.8409
3 0.634444 0.6389
4 0.535375 0.5373
5 0.471858 0.4729
6 0.426676 0.4273
7 0.392413 0.3928
8 0.365274 0.3656
9 0.343089 0.3433
10 0.324512 0.3247
Table 2.1: Exact and aproximate optimum foil thickness for individual inductor layers.
thickness of the bare foil of the first layer is
hopt1 =
π
2
δw =
π
2
√
ρw
πfµ0
≈ 0.5 mm. (2.29)
From (2.28), the optimum thickness of the bare conductor of the second layer n = 2
is
hopt2 =
2
π 4
√
2
hopt1 = 0.5356× 0.5 = 0.267 mm, (2.30)
and the optimum thickness of the bare conductor of the third layer n = 3 is
hopt3 =
2
π 4
√
6
hopt1 = 0.406× 0.5 = 0.203 mm. (2.31)
The ac winding resistance for n-th layer is given by
Rwn = FRnRwdcn. (2.32)
Therefore, the overall ac resistance of the foil inductor is
Rw =
Nl
∑
n=1
FRnRwdcn. (2.33)
The breadth of the inductor, which is equal to the foil width is b = 2 cm. The
length of each turn is lT = 10 cm. The resistivity of copper at room temperature is
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Figure 2.13: Plots of Rwn(min) and Rwmin as a function of frequency f for the foil
inductor.
ρCu = 1.72× 10−8 Ωm. The dc resistances of each layer is
Rwdc1 =
ρCulT
bhopt1
=
1.72× 10−8 × 0.1
0.5× 10−3 × 20× 10−3 = 0.172 mΩ, (2.34)
Rwdc2 =
ρCulT
bhopt2
=
1.72× 10−8 × 0.1
0.267× 10−3 × 20× 10−3 = 0.322 mΩ, (2.35)
Rwdc3 =
ρCulT
bhopt3
=
1.72× 10−8 × 0.1
0.203× 10−3 × 20× 10−3 = 0.423 mΩ. (2.36)
Since the optimum thickness hoptn of the subsequent layers decreases, the dc resistance
of the individual layers increases with increasing layer number n.
The total dc winding resistance is a sum of dc winding resistance of each layer
Rwdc = Rwdc1 +Rwdc2 +Rwdc3 = 0.917 mΩ. (2.37)
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Assuming an RMS current of 50 A, the dc and low-frequency power loss in each layer
of the inductor is
Pwdc1 = Rwdc1I
2
rms = 0.172× 502 = 0.43 W, (2.38)
Pwdc2 = Rwdc2I
2
rms = 0.322× 502 = 0.805 W, (2.39)
and
Pwdc3 = Rwdc3I
2
rms = 0.423× 502 = 1.057 W. (2.40)
The total dc winding power loss is a sum of dc power loss of each layer
Pwdc = Pwdc1 + Pwdc2 + Pwdc3 = 0.43 + 0.805 + 1.057 = 2.292 W. (2.41)
It can be seen that the dc winding power loss of the subsequent layers increases with
the layer number. Substituting the optimum layer thickness given by (2.24) and (2.26)
into (2.7), the minimum values of the ac-to-dc resistance of n-th layer FRn(min) were
calculated numerically. The results are FR1(min) = 1.4407, FR2(min) = 1.3703, FR3(min)
= 1.3458. Hence, the ac resistances in the subsequent layers are
Rw1(min) = FR1(min)Rwdc1 = 1.4407× 0.172× 10−3 = 0.2478 mΩ, (2.42)
Rw2(min) = FR2(min)Rwdc2 = 1.3703× 0.322× 10−3 = 0.4412 mΩ, (2.43)
and
Rw3(min) = FR3(min)Rwdc3 = 1.3458× 0.423× 10−3 = 0.5692 mΩ. (2.44)
The total ac winding resistance of an inductor with the optimum layer thicknesses is
Rwmin = Rw1(min) +Rw2(min) +Rw3(min) = 0.2478 + 0.4412 + 1.3458 = 1.2582 mΩ.
(2.45)
Fig. 2.13 shows the ac winding resistance Rwn(min) of each layer and the total ac
winding resistance Rwmin as functions of frequency f for three-layer winding (Nl = 3).
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The ac power losses in the individual layers for a sinusoidal inductor current of RMS
value Irms = 50 A are
Pw1(min) = Rw1(min)I
2
rms = 0.2478× 502 = 0.6195 W, (2.46)
Pw2(min) = Rw2(min)I
2
rms = 0.4412× 502 = 1.103 W, (2.47)
and
Pw3(min) = Rw3(min)I
2
rms = 0.5692× 502 = 1.423 W. (2.48)
It can be seen that the ac power loss in each layer increases with the layer number n.
The total minimum ac power loss in the inductor winding is given by
Pwmin = Pw1(min) +Pw2(min) +Pw3(min) = 0.6195+ 1.103+ 1.423 = 3.1455 W, (2.49)
which gives the ratio of the ac-to-dc winding resistance and ac-to-dc winding power
loss ratio
Rwmin
Rwdc
=
Pwmin
Pwdc
=
3.1455
2.292
≈ 1.37. (2.50)
2.5 Minimum Winding Resistance for Inductors With Uni-
form Foil Thickness
For low and medium foil thicknesses, the normalized resistance of the inductor with
fixed foil thickness and any number of layers Nl can be approximated by [14]
Rw
(
ρwlw
bδw
) ≈ 1h
δw
+
2(N2l − 1)
17
(
h
δw
)3
for
h
δw
< 1.5, (2.51)
where lw = NllT is the total foil winding length. Fig. 2.15 shows exact and approx-
imate plots of Rw/(δwlw/bδw) as functions of h/δw for three-layer inductor (Nl = 3)
with uniform foil thickness for low and medium foil thicknesses. The minimum values
of the ac winding resistance Rwopt and the winding power loss Pwopt of an inductor
with uniform foil thickness are determined by taking the derivative of (2.51) and
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setting the result to zero
d
(
Rw
ρwlw
bδw
)
d
(
h
δw
) =
−1
(
h
δw
)2 +
6(N2l − 1)
17
(
h
δw
)2
= 0, (2.52)
yielding the optimum value of the uniform foil thickness in the inductor
hopt
δw
=
1
4
√
6(N2
l
−1)
17
for Nl ≥ 2. (2.53)
The approximate results of hopt/δw, are listed in Table 2.2. For Nl = 1, the optimum
foil thickness is defined by (2.24).
In the subsequent analysis, the properties of winding with non-uniform thickness
will be compared with those of the winding with uniform thickness. For a three-layer
copper inductor (Nl = 3) with an uniform foil thickness h and conducting a sinusoidal
current at frequency f = 43 kHz, the optimum thickness of the bare foil is
hopt = 0.7714δw = 0.7741
√
ρw
πfµ0
≈ 0.245 mm. (2.54)
Layer Number Approximate
Nl hopt/δw
1 1.5707
2 0.9858
3 0.7714
4 0.6593
5 0.5862
6 0.5334
7 0.4929
8 0.4605
9 0.4338
10 0.4113
Table 2.2: Approximate optimum uniform foil thickness for multi-layer inductor.
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Figure 2.14: Exact and approximate plots of Rw/(δwlw/bδw) as functions of h/δw for
three-layer inductor Nl = 3 for low and medium uniform thickness.
The dc and low frequency winding resistance is [14]
Rwdc =
ρCulw
Awopt
=
ρCulTNl
bhopt
= 1.053 mΩ, (2.55)
where Awopt is the cross-sectional area of the foil. Assuming an RMS current of 50
A, the dc and low-frequency power loss in all three layers (Nl = 3) of the inductor is
given by
Pdc = RdcI
2
rms = 1.053× 10−3 × 502 = 2.6325 W. (2.56)
The ac-to-dc total winding resistance ratio of three-layer inductor with an uniform
optimum winding thickness [14] was calculated numerically and is given by
FR =
Rwopt
Rdc
=
Pwopt
Pdc
= 1.3414. (2.57)
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Figure 2.15: Plots of Rwmin and Rw as functions of frequency f for the inductor with
optimized thickness of each layer hopt1 = 0.5 mm, hopt2 = 0.267 mm, hopt3 = 0.203
mm and for the inductor with a constant layer of thickness h = hopt1 = 0.5 mm.
Hence, the optimum ac winding resistance of the inductor with uniform foil thickness
is
Rwopt = FRRdc = 1.3414× 1.053× 10−3 = 1.4125 mΩ. (2.58)
The total ac winding power loss is
Pwopt = RwoptI
2
rms = 1.4125× 10−3 × 502 = 3.5312 W. (2.59)
The ratio of the ac winding resistance Rwopt of the inductor with the optimum uniform
foil thickness to the ac winding resistance Rwmin of the inductor with optimum foil
thickness for each layer is
ǫ =
Rwopt
Rwmin
=
1.4125
1.2582
= 1.1226. (2.60)
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Figure 2.16: Plots of Rwmin and Rw as functions of frequency f for the inductor with
optimized thickness of each layer hopt1 = 0.5 mm, hopt2 = 0.267 mm, hopt3 = 0.203
mm and for the inductor with a constant layer of thickness h = hopt2 = 0.267 mm.
Fig. 2.15 compares the ac winding resistance Rwmin of an inductor with the optimum
individual layer thicknesses and the ac winding resistance Rw of an inductor with
uniform foil thickness equal to the optimum thickness of the first layer h = hopt1
for three layers. It can be seen that for the high-frequency range the ac winding
resistance Rwmin of the inductor with the optimum individual layer thicknesses is
significantly lower than the ac winding resistance Rw of the inductor with an uniform
foil thickness. Fig. 2.16 compares the ac winding resistance Rwmin of an inductor
with the optimum individual layer thicknesses and the ac winding resistance Rw of an
inductor with an uniform foil thickness equal to the optimum thickness of the second
layer h = hopt2 for three layers. It can be seen that for the high-frequency range
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Figure 2.17: Plots of Rwmin and Rw as functions of frequency f for the inductor with
optimized thickness of each layer hopt1 = 0.5 mm, hopt2 = 0.267 mm, hopt3 = 0.203
mm and for the inductor with a constant layer of thickness h = hopt3 = 0.203 mm.
the ac winding resistance Rwmin of the inductor with optimized foil thicknesses is
approximately equal to the ac winding resistance Rw of the inductor with an uniform
foil thickness equal to the optimum thickness of the second layer. Fig. 2.17 compares
the ac winding resistance Rwmin of an inductor with the optimum individual layer
thicknesses and the ac winding resistance Rw of an inductor with an uniform foil
thickness equal to the optimum thickness of the third layer h = hopt3 for three layers.
Fig. 2.18 compares the ac winding resistance Rwmin of an inductor with the optimum
individual layer thicknesses and the ac winding resistance Rwopt of an inductor with
an uniform optimum foil thickness hopt for three layers. It can be seen that the
resistance for inductor with the optimized thickness for each layer is lower than that
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Figure 2.18: Plots of Rwmin and Rw as functions of frequency f for the inductor with
optimized thickness of each layer hopt1 = 0.5 mm, hopt2 = 0.267 mm, hopt3 = 0.203 mm
and for the inductor with a constant layer of thickness hopt = 0.245 mm for three-layer
inductor (Nl = 3).
of the inductor with the uniform optimum thickness. Fig. 2.19 shows the ratio of the
ac winding resistance Rwopt with uniform optimum foil thickness to the ac winding
resistance Rwmin with the optimum individual layer thicknesses.
It can be seen that the resistance of the inductor with the optimum uniform foil
thickness for the low-frequency range is 13% higher than that of the inductor with
the optimized thickness of each layer. In the medium-frequency range, the resistance
of uniform inductor winding thickness increases. At a frequency of 200 kHz, the
winding resistance of the inductor with the optimum uniform thickness is 21.8%
greater than the winding resistance of the inductor with the optimum foil thickness
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Figure 2.19: Ratio of the winding resistance with uniform optimum foil thickness
hopt1 = 0.5 mm, hopt2 = 0.267 mm, hopt3 = 0.203 mm to the winding resistance with
optimum individual layer thicknesses hopt = 0.245 mm for three-layer inductor (Nl =
3).
of individual layers. However, in the high-frequency range, the winding resistances of
both inductors are the same.
The inductance of the foil wound inductor is expressed by
L =
µrcµ0AcN
2
l
b
=
1800× 4π × 10−7 × 4× 10−4 × 32
2× 10−2 ≈ 407 µH, (2.61)
where b = 2 cm, µrc = 1800 is the core permeability, Nl = 3 is the number of layers,
and Ac = 4 cm
2 is the cross-sectional area of the core.
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2.6 Conclusion
The equation for the winding resistance of individual layers for inductors made of foil
conductor has been analysed and illustrated. This equation has been approximated to
derive an expression for the optimum thickness of individual layers. The comparison
of winding resistances at various values of foil thickness has been presented. It has
been shown that the minimum value of the winding resistance of each individual
layer at a fixed frequency occurs at different values of the normalized layer thickness
hoptn/δw. The optimum normalized layer thickness hoptn/δw decreases with increasing
layer number n. In addition, the resistance of each layer appreciably increases as the
layer number n increases from the innermost to the outermost layer. Moreover, the
approximated equation for low-frequency resistance of inductors with a uniform foil
thickness has been given.
The optimum normalized value of the uniform foil thickness has been derived. It
has been shown that the winding resistance of the inductor with an optimum uniform
foil thickness for low-frequency range is 13% higher than that of the inductor with an
optimized thickness of each layer.
In the medium-frequency range, the ratio of the winding resistance with a uniform
optimum foil thickness to the winding resistance with the optimum thickness of each
individual layer first increases, reaches a maximum value, and then rapidly decreases
with frequency. At a frequency of 200 kHz, the winding resistance of uniform optimum
foil thickness was 21.8% greater than the winding resistance of the inductor with the
optimum foil thickness of each layer, in the given example. For the high-frequency
range, the winding resistances of both inductors were identical. High-quality power
inductors are used in high-frequency applications, such as pulse-width-modulated
(PWM) dc-dc power converters [15], [16], [54], resonant dc-dc power converters [52],
radio- frequency power amplifiers [12], [13], [55], and LC oscillators [53].
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3 Analytical Optimization of Foil Windings Con-
ducting Sinusoidal Current
Power inductors are important elements in resonant power amplifiers. This is because
a power inductor along with a capacitor form a resonant circuit, which shapes the
output voltage of the power amplifier. Moreover, inductors and capacitors serve as
components of matching circuit, which match the load to the active device [52], [55].
Winding ac power losses in an inductor are caused by two eddy-current effects:
the skin effect and the proximity effect [1]-[51], [56]-[64], [65]-[71], [73]-[76], [78]-[84].
Both these effects increase with the operating frequency. The skin effect is caused in
a conductor by the magnetic field induced by its own current, resulting in a higher
current density closer to the surface of the conductor than that in the center of the
conductor.
The proximity effect is caused by magnetic fields induced by currents flowing
in adjacent conductors. In this paper, inductors made up of copper foil conductor
that carry sinusoidal currents are considered. The copper is used because of its low
resistivity. In foil inductors, usually there is only one winding turn per layer. The
skin and proximity effects in foil inductors depend on the foil thickness and are nearly
independent of the foil width. Therefore, the thickness of the foil can be optimized
to minimize the winding ac resistance and losses. The width of the foil can be chosen
to achieve the minimum cross-sectional conductor area, constrained by the maximum
amplitude of the current density [75].
3.1 Foil Winding Power Loss Due to Ac Sinusoidal Current
For the foil inductor conducting sinusoidal current il(t) = ILm sinωt, the winding ac
power losses are given by
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Pw =
1
2
I2LmRw = I
2
LrmsRw = I
2
Lrms
Rw
Rwdc
Rwdc = I
2
LrmsFRRwdc (3.1)
where ILm is the amplitude of the sinusoidal current, ILrms = ILm/
√
2 is the RMS
value of the sinusoidal current, ω = 2πf is the angular frequency, f is the frequency
of the sinusoidal current, Rw is the winding ac resistance, and FR is the ac-to-dc
winding resistance ratio.
The winding dc resistance of the foil inductor is given by
Rwdc =
ρwlw
Aw
=
ρwlw
bh
=
ρwlw
δwb
(
h
δw
) (3.2)
where ρw = 1/σw is the resistivity of the conductor, b is the foil width, h is the foil
thickness, Aw = bh is the cross-sectional area of the foil, lw = NllT is the winding
length, Nl is the number of foil layers, lT is the foil mean turn length (MTL), and δw
is the skin depth. The skin depth of the winding conductor at the frequency of the
inductor current is given by
δw =
√
2
ωµ0σw
=
1√
πµ0σwf
=
√
ρw
πµ0f
. (3.3)
3.2 Dowell’s Equation for Winding Resistance of Foil Induc-
tors
Dowell’s equation for the ac-to-dc winding resistance ratio FR is expressed as [2]
FR =
Rw
Rwdc
= A
[
sinh(2A) + sin(2A)
cosh(2A) + cos(2A)
+
2(N2l − 1)
3
sinh(A)− sin(A)
cosh(A) + cos(A)
]
, (3.4)
where the normalized thickness of the foil is given by
A =
h
δw
. (3.5)
Even though Dowell’s equation describes the winding resistance in a wide fre-
quency range taking into account both the skin and proximity effects, it is impossible
to perform an analytical optimization of inductor windings. This is because Dowell’s
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Figure 3.1: Winding ac resistances of foil inductors predicted by Dowell’s equation
Rw and by low- and medium-frequency approximation RwLMF as functions of foil
thickness h.
equation contains trigonometric and hyperbolic functions. Therefore, to perform an-
alytical optimization, an approximation of Dowell’s equation in (4.1) is used in the
subsequent sections.
3.3 Low- and Medium-Frequency Approximation of Dowell’s
Equation
The approximate Dowell’s equation for foil windings valid for low and medium fre-
quencies derived in 9.1 is given by [45]
FRLMF ≈ 1 +
5N2l − 1
45
A4 = 1 +
5N2l − 1
45
(
h
δw
)4
for A ≤ 2. (3.6)
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The winding ac resistance of the foil inductor is
RwLMF = FRLMFRwdc ≈
ρwlw
π
[
1
h
+
(5N2l − 1)h3
45δ4w
]
. (3.7)
Fig. 3.1 shows winding ac resistances of foil inductors predicted by Dowell’s equation
Rw and by low- and medium-frequency approximation RwLMF as functions of foil
thickness h. Observe that the low- and medium-frequency approximation RwLMF
captures the minimum of winding ac resistance Rw predicted by Dowell’s equation
with high accuracy.
Taking the derivative of (4.11) with respect to h and setting the result to zero, we
obtain
d (RwLMF )
dh
≈ ρwlw
b
[
− 1
h2
+
3 (5N2l − 1)h2
45δ4w
]
= 0. (3.8)
Solution of this equation gives the normalized foil valley thickness at which the wind-
ing ac resistance of a foil has a minimum value
hv
δw
= 4
√
15
5N2l − 1
. (3.9)
The ac-to-dc winding resistance ratio at the normalized foil valley thickness is
FRv = 1 +
(5N2l − 1)
45
×
(
4
√
15
5N2l − 1
)4
= 1 +
1
3
=
4
3
. (3.10)
Hence, the minimum value of the foil winding ac resistance at the valley thickness is
Rwv = FRvRwdc(hv) =
4ρwlw
3bhv
=
4ρwlw
3bδw 4
√
15
5N2
l
−1
. (3.11)
The normalized foil hill thickness at which the winding ac resistance reaches its
local maximum is given by
hh
δw
= π. (3.12)
3.4 Foil Inductor Model
A lumped-parameter model of a foil inductor, valid for dc and ac currents, is de-
picted in Fig. 6.7. The model of the inductor consists of self-inductance L, winding
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Rc Rw L
Cs
Figure 3.2: The equivalent RLC lumped-parameter model of foil winding inductors.
ac resistance Rw, series core resistance Rc, and parasitic self-capacitance or a stray
capacitance Cs. In reality, L, Rw, and Rc are frequency dependent. However, in
the subsequent analysis, the series core resistance is neglected (Rc = 0). This is
because the core loss is very low at low values of magnetic flux density B, used in
measurements. The impedance of the equivalent circuit depicted in Fig. 6.7, is [4],
Z =
Rs + jωL [1− ω2LCs − (CsR2s/L)]
(1− ω2LCs)2 + (ωCsRs)2
= r + jx (3.13)
where Rs = Rc + Rw is the total ac resistance, r is the equivalent series resistance
(ESR), and x is the equivalent series reactance. Since CsR
2
s/L ≪ 1 [4], [14], the first
parallel self-resonant frequency of the inductor model fr = 1/(2π
√
LCs) occurs when
the imaginary part of the impedance Z in (7.43) is equal to zero. For frequencies
below the first self-resonant frequency, the impedance of the inductor is inductive.
For frequencies above the first self-resonant frequency, the impedance of the inductor
is capacitive and the currents are shorted out. Thus, the useful frequency range of
inductors is from dc to about 0.25fr ≪ fmax ≪ 0.45fr.
3.5 Experimental Results
To verify the theory presented above, five seven-layer (Nl = 7) inductors for the
application in a resonant power amplifier at resonant frequency f0 = 100 kHz were
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designed, built, and measured. The Magnetics 0R42616 ferrite pot core, made of
R type material, with 00B261601 bobbin were used to build inductors. The initial
permeability of the R type magnetic material is µr = 2300 ± 25%. Inductors with
five values of winding foil thickness h1 = 50 µm, h2 = 100 µm, h3 = 120 µm,
h4 = 220 µm, and h5 = 500 µm were measured. The foil width was b = 10 mm
and MTL was lT = 5.3 cm. For the seven-layer inductor (Nl = 7) made of copper
foil and operating at frequency f0 = 100 kHz, the optimum foil thickness calculated
from (3.9) was hv = 104.06 µm. Therefore, the foil with thickness h2 = 100 µm was
selected. The measured resonant frequency of the inductors was fr = 3.88 MHz, the
inductances of the foil inductors at f0 = 100 kHz were L = 88.6 µH, the inductances
of the foil inductors at fr = 3.88 MHz were L = Lfr = 530 nH, and the measured
stray-capacitances were Cs = 3.17 nF.
Fig. 3.3 shows measured and theoretical winding ac resistances predicted by Dow-
ell’s equation. It can be seen that Dowell’s equation accurately tracks the measured
winding ac resistances of the foil inductors. Observe that the inductor wound with
h2 = 100 µm had the lowest winding ac resistance. Therefore, the prediction of the
optimum foil thickness by (3.9) ensures the lowest winding ac resistance of resonant
inductors. The winding ac resistance predicted by (4.16) was Rwv = 8.25 mΩ, while
the measured winding ac resistance was Rwvm = 8.3 mΩ.
3.6 Conclusion
An analytical equation for the optimum foil thickness of inductor conducting sinu-
soidal current has been derived. The derived equation ensures the minimum foil
winding ac resistance and, hence, the minimum foil winding ac power loss. The
derived equation can serve for the engineers as an easy to use tool to design the min-
imum winding losses inductors. Additionally, an equation for the minimum winding
resistance for the foil inductors have been given. The equations for the optimum
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Figure 3.3: Measured and theoretical winding ac resistances predicted by Dowell’s
equation as functions of foil thickness h.
foil thickness and for the minimum winding ac resistance have been verified by the
measurements. The measurement results justify presented theory.
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4 Analytical Optimization of Solid-RoundWireWind-
ings Conducting Sinusoidal Current
In this chapter, an analytical optimization of solid-round wire windings conducting
sinusoidal current is performed. New closed-form analytical equations are derived for
the normalized solid-round wire diameter to achieve minimum ac winding losses for
sinusoidal current. Approximations of Dowell’s equation are used to derive expressions
for normalized diameter at the local minimum of winding ac resistance and normalized
critical diameter. An equation for the winding ac resistance at the local minimum is
derived. Additionally, equations for the normalized diameter at the local maximum
of ac resistance and the normalized boundary diameter between low and medium
frequency ranges are given. The formulas enable inductor and transformer designers
to minimize winding loss without utilizing FEM analysis. Experimental verification
of the presented theory is given.
Power inductors and transformers are common devices in power electronic cir-
cuits. Their role is to store and transfer energy through the magnetic field with the
highest possible efficiency and also to provide filtering. One method of increasing the
efficiency of magnetic components is to optimize the size of winding conductors. The
purpose of winding optimization is to reduce the effect of eddy-current losses, and
therefore to improve the overall efficiency of the power electronic system. Different
kinds of windings such as foil, strip, solid-round wire, and litz-wire windings are used
in high-frequency magnetic components. Their application depends on the electrical,
mechanical, and thermal requirements of the designed magnetic component [14], [28],
[64], [68], [73], [74]. Solid-round wire winding inductors are widely used in PWM dc-
dc power converters, resonant power converters, resonant inverters, electromagnetic
interference filters, and magnetic sensors [12]-[16], [28], [30], [52], [54], [70], [71], [75],
[76], [77]. The main advantage of solid-round wire windings is low cost. The optimum
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design of highly-efficient magnetic components using solid-round wire windings usu-
ally involves two objectives. The first objective is to minimize the influence of skin
and proximity effects on the winding resistance [1]-[51], [56]-[64], [65]-[71], [73]-[76],
[78]-[84]. The second objective is to maintain the amplitude of the current density in
the winding below the maximum value, under specified cooling conditions [12], [14],
[28], [68].
The objectives of this work are:
• to derive an expression for the normalized valley wire diameter of the solid-round
wire windings, where the local minimum (valley) of the winding ac resistance
occurs;
• to determine the normalized hill wire diameter of the solid-round wire windings,
where the local maximum (hill) of the winding ac resistance occurs;
• to derive an expression for the normalized critical wire diameter of the solid-
round wire windings (greater than the normalized valley wire diameter), where
the winding ac resistance is equal to the winding ac resistance at the local
minimum;
• to determine the boundary frequency between the low-frequency and medium-
frequency ranges for a solid-round wire windings.
The chapter is arranged in the following order. Section 4.1 presents one-dimensional
(1-D) Dowell’s equation for the solid-round wire windings. The behavior of winding
ac resistance in terms of wire diameter is also presented. An equation for the nor-
malized diameter of the solid-round wire winding at which the winding ac resistance
achieves its local maximum, i.e, the normalized hill diameter, is given. Section 4.2
gives the low and medium frequency approximation of Dowell’s equation. This equa-
tion is used to derive expression for the normalized valley diameter and the expression
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for the minimum local ac winding resistance. In Section 4.3, high frequency approx-
imation of Dowell’s equation is considered. This approximation is used to derive
an expression for the normalized critical wire diameter. Section 4.4, determines the
boundary between the low and medium frequency of the solid-round wire windings.
The equation for the solid-round wire diameter at the boundary between the low and
medium frequency ranges is derived, and an equation for the boundary frequency
between low and medium frequency ranges for inductor windings is given. In Section
4.5, the experimental results are presented. The equations for the valley diameter
and for the critical wire diameter of the solid-round wire windings are experimentally
verified. Finally, Section 4.6 contains the conclusions.
4.1 Solid-Round Wire Winding Resistance
Dowell’s equation [2] was derived from Maxwell’s equations in Cartesian coordinates,
using a one-dimensional (1-D) winding model. The main assumption of Dowell’s
derivation was that the winding consists of straight parallel foil conductors. As a
result, the magnetic field is everywhere parallel to the conducting layers. The curva-
ture, edge, and end effects are neglected. The model of the solid-round wire winding
given in [7] is different than the model proposed in [2]. It is described by Bessel
functions in cylindrical coordinates. This model is more complex and leads to a much
more complicated equation describing the winding resistance.
For the solid-round wire inductor conducting a sinusoidal current il(t) = ILm sinωt,
the ac-to-dc winding resistance ratio FR is expressed as [2], [7], [14]
FR =
Rw
Rwdc
= A
[
sinh(2A) + sin(2A)
cosh(2A) + cos(2A)
+
2(N2l − 1)
3
sinh(A)− sin(A)
cosh(A) + cos(A)
]
, (4.1)
where Rw is the winding ac resistance of a solid-round wire, ILm is the amplitude of
the sinusoidal inductor current, and ω = 2πf is the angular frequency of the inductor
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current. The dc resistance of a solid-round-wire winding is given by
Rwdc =
4ρwlw
πd2
=
4ρwNlT
πd2
, (4.2)
where d is the diameter of a bare solid-round wire, lw = NlT is the total solid-round
wire length, N is the number of turns, lT is the mean turn length (MTL), ρw = 1/σw
is the conductor resistivity, and the variable A, which is the effective diameter of the
solid-round wire winding, is given by [14]
A =
(
π
4
)0.75 d
δw
√
η. (4.3)
The layer porosity factor is defined as
η =
d
p
, (4.4)
where p is the distance between the centres of adjacent round conductors in the same
winding layer. The skin depth of the wire conductor δw is described by
δw =
√
2
µ0σwω
=
1√
πµ0σwf
=
√
ρw
πµ0f
, (4.5)
where µ0 is the free space permeability.
For a round wire winding, the ac resistance may be written as
Rw = FRRwdc = FR
4ρwlw
πd2
= FR
4ρwlw
πδ2w
(
d
δw
)2
=
(
π
4
)0.75√
η4ρwlw
πδ2w
(
d
δw
)
[
sinh(2A) + sin(2A)
cosh(2A) + cos(2A)
+
2(N2l − 1)
3
sinh(A)− sin(A)
cosh(A) + cos(A)
]
, (4.6)
which yields the normalized winding ac resistance of the solid-round wire at a fixed
frequency f as
Fr =
Rw
4ρwlw
πδ2w
=
FR
(
d
δw
)2
=
(
π
4
)0.75√
η
(
d
δw
)
[
sinh(2A) + sin(2A)
cosh(2A) + cos(2A)
+
2(N2l − 1)
3
sinh(A)− sin(A)
cosh(A) + cos(A)
]
. (4.7)
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Figure 4.1: Normalized winding ac resistance Fr as a function of d for inductor with
several number of layers Nl = 1, 2, 3, 4, 7, and 10 at constant frequency f = 100 kHz,
and η = 0.9.
Fig. 4.1 shows the normalized winding ac resistance Fr as a function of d for the
inductor with several layers Nl = 1, 2, 3, 5, 7, and 10 at η = 0.9 and constant
frequency f = 100 kHz. It can be seen that the normalized winding ac resistance for
a single-layer inductor (Nl = 1) decreases as the diameter of the wire increases. For a
two-layer inductor, the normalized winding ac resistance first decreases with increas-
ing wire diameter, then remains approximately constant, and afterwards it decreases
as the wire diameter increases. As the wire diameter of the inductor with three and
more layers (Nl ≥ 3) increases, the normalized winding ac resistance first decreases,
reaches a local minimum at the valley diameter dv, then increases, reaches a local
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Figure 4.2: Plots of FR, Rwdc, and Rw as functions of d for four-layer inductor (Nl = 4)
with lT = 6.6 cm, N = 100, frequency f = 100 kHz, and η = 0.9.
maximum at the hill diameter dh, and finally decreases. It can be seen that the wire
diameter at which the normalized winding ac resistance achieves the local maximum,
i.e., the hill diameter, should be avoided in efficient inductor and transformer designs.
At a certain value of the diameter dv ≪ d and dh < d, called the critical diameter
dcr, the winding resistance is the same as that at the valley diameter.
The normalized hill diameter of the bare solid-round wire at which the local max-
imum value of the winding ac resistance occurs is expressed as
dh
δw
=
2.274− 0.2576
Nl
(
π
4
)0.75 √
η
. (4.8)
Fig. 4.2 shows plots of FR, Rwdc, and Rw as functions of d for the four-layer
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inductor (Nl = 4) with lT = 6.6 cm, N = 100, frequency f = 100 kHz, and η = 0.9.
It can be seen that the winding dc resistance Rwdc rapidly decreases with increasing
bare wire diameter d. According to (7.2), the winding dc resistance Rwdc is inversely
proportional to d2. The ac-to-dc winding resistance ratio FR is equal to one for
low values of d, then rapidly increases, and finally increases proportionally to d.
Consequently, the winding ac resistance Rw = FRRwdc is equal to the winding dc
resistance Rwdc at low values of d, reaches a local minimum, then increases, reaches
a local maximum, and finally decreases where it is inversely proportional to d. Note
that the ac-to-dc winding resistance ratio FR at the local minimum of the winding ac
resistance is equal to two (FR = FRv = 2).
The characteristic property of the round wire winding is that the winding ac resis-
tance Rw continuously decreases for d > dh. This is because the winding dc resistance
Rwdc is inversely proportional to d
2 and FR is proportional to d for d > dh. Therefore,
the effect of the dc resistance is dominant. The square winding exhibits similar be-
havior [14]. Conversely, the winding ac resistance of foil and strip windings exhibits
only a global minimum because the conductor thickness and width are independent
[14].
Even though Dowell’s equation describes the winding resistance in a wide fre-
quency range taking into account skin and proximity effects, it is impossible to per-
form its analytical optimization. This is because Dowell’s equation contains trigono-
metric and hyperbolic functions. Therefore, to perform analytical optimization, an
approximation of Dowell’s equation in (4.1) is used in the subsequent sections.
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Figure 4.3: Plots of exact FR, low and medium-frequency approximation FRLMF , and
high-frequency approximation FRHF of ac-to-dc resistance ratio as functions of A for
five-layer inductor (Nl = 5) and porosity factor η = 0.9.
4.2 Low- and Medium-Frequency Approximation of Dowell’s
Equation
The approximate Dowell’s equation for solid-round wire windings valid for low and
medium frequencies is [45]
FRLMF =
Rw
Rwdc
≈ 1 + (5N
2
l − 1)
45
A4 = 1 +
η2(5N2l − 1)
45
(
π
4
)3
(
d
δw
)4
for A ≤ 2.
(4.9)
Fig. 4.3 shows plots of exact ac-to-dc resistance ratio FR and low and medium-
frequency approximation FRLMF for the five-layer inductor (Nl = 5) at porosity factor
η = 0.9. It can be seen that the low and medium-frequency approximation of the
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Figure 4.4: Plots of exact Fr, low and medium-frequency approximation FrLMF , and
high-frequency approximation FrHF of normalized winding ac resistance as functions
of A for five-layer inductor (Nl = 5) and porosity factor η = 0.9.
ac-to-dc resistance ratio for the five-layer inductor (Nl = 5) is valid for A ≤ 1.5. This
approximation is sufficiently accurate in the region of d at which the local minimum
of Rw occurs. Therefore, the low and medium frequency approximation in (9.28) is
used to derive an analytical expression for the valley diameter of the solid-round wire
windings dv.
The approximate normalized winding ac resistance of the solid-round wire wind-
ings at a fixed frequency f is
FrLMF =
FRLMF
(
d
δw
)2 ≈
1
(
d
δw
)2 +
(
π
4
)3
η2(5N2l − 1)d2
45δ2w
. (4.10)
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Fig. 4.4 shows plots of exact normalized winding ac resistance Fr in (4.7) and low
and medium-frequency approximation FrLMF in (4.10) as functions of A for a five-
layer inductor (Nl = 5) at porosity factor η = 0.9. Assuming a constant skin depth
δw, i.e., constant frequency, the solid-round wire winding ac resistance decreases with
increasing wire diameter, reaches a local minimum value, then increases, reaches
local maximum value, and finally decreases below the local minimum. From (7.2)
and (9.28), the approximate winding ac resistance of the solid-round wire winding is
Rw ≈
4ρwlw
π
[
1
d2
+
(
π
4
)3
η2(5N2l − 1)d2
45δ4w
]
. (4.11)
Taking the derivative of (4.11) with respect to d at a fixed δw and setting the result
to zero, we obtain
dRw
dd
≈ 4ρwlw
π
[
− 1
d3
+
(
π
4
)3
η2(5N2l − 1)d
45δ4w
]
= 0. (4.12)
Solution of this equation gives the normalized solid-round wire valley diameter at
which the solid-round wire winding resistance has a local minimum value
dv
δw
= 4
√
√
√
√
√
45
(
π
4
)3
η2(5N2l − 1)
. (4.13)
Therefore, the frequency at local minimum for the given diameter d of solid-round
wire winding is expressed as
fv =
ρw
πµ0d2
√
√
√
√
√
45
(
π
4
)3
η2(5N2l − 1)
. (4.14)
Substituting (4.13) into (9.28), we obtain the ac-to-dc winding resistance ratio at
the normalized solid-round wire valley diameter dv/δw
FRv = 1 +
η2(5N2l − 1)
45
×
[
4
√
√
√
√
√
45
(
π
4
)3
η2(5N2l − 1)
]4
= 1 + 1 = 2. (4.15)
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Hence, the solid-round wire winding ac resistance at the local minimum is
Rwv = FRvRwdc(dv) =
8ρwlw
πd2v
=
8ρwlw
πδ2w
√
45
(π4 )
3
η2(5N2
l
−1)
. (4.16)
The diameter of the wire must be large enough to carry the maximum permissible
amplitude of the current density Jm to avoid overheating. Typical amplitudes of
current density range from 2 to 5 A/mm2. The required conductor cross-sectional
area is given by
Aw =
ILm
Jm
. (4.17)
4.3 High-Frequency Approximation of Dowell’s Equation
It is impossible to use Dowell’s equation to find an analytical expression for the
critical diameter of solid-round wire winding dcr at which the winding ac resistance
equals the winding ac resistance at local minimum Rwv. Therefore, the high-frequency
approximation of (4.1) is used to derive an analytical expression for critical diameter
dcr of the solid-round wire winding. The approximate Dowell’s equation for solid-
round wire windings valid at high frequencies is [4], [14]
FRHF =
Rw
Rwdc
≈ A(2N
2
l + 1)
3
=
(
π
4
)0.75
√
η(2N2l + 1)d
3δw
for A ≥ 3. (4.18)
Fig. 4.3 shows plots of exact ac-to-dc resistance ratio FR and high-frequency approx-
imation of FRHF as functions of A for the five-layer inductor (Nl = 5) at porosity
factor η = 0.9. It can be seen that the high-frequency approximation of the ac-to-dc
resistance ratio is valid for A ≥ 3.
The approximate normalized winding ac resistance of the solid-round wire at a
fixed frequency f is given by
FrHF =
FRHF
(
d
δw
)2 ≈
(
π
4
)0.75
√
η(2N2l + 1)δw
3d
. (4.19)
Fig. 4.4 shows plots of exact normalized winding ac resistance Fr in (4.7) and high-
frequency approximation FrHF in (4.19) as functions of A for a five-layer inductor
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(Nl = 5) at porosity factor η = 0.9. It can be seen that this approximation is
sufficiently accurate in the region of d >> dv at which the solid-round wire winding
ac resistance Rw is equal to winding ac resistance at the local minimum Rwv, i.e., at
d = dcr. Therefore, the high-frequency approximation in (9.31) is used to derive an
analytical expression for the critical diameter of solid-round wire. The approximate
winding ac resistance at high frequencies is given by
RwHF ≈
4ρwlw
πd2
A(2N2l + 1)
3
=
(
π
4
)0.75 4ρwlw
√
η(2N2l + 1)
3πδwd
for A ≥ 3. (4.20)
Equating (4.16) with (4.20), one obtains the normalized critical diameter of the solid-
round wire winding
dcr
δw
=
2N2l + 1
6
(
π
4
)0.75
√
45
η(5N2l − 1)
. (4.21)
The importance of the critical diameter in the inductor and transformer design is
significant because increasing the wire diameter above the critical diameter causes
the decrease of winding ac resistance. Moreover, it can be inferred that increasing
the diameter of the wire above the critical diameter dcr:
• decreases the winding ac resistance;
• reduces current density amplitude Jm;
• increases the size of the inductor or the transformer.
4.4 Boundary Between Low and Medium Frequencies for
Solid-Round Wire Windings
The boundary between the low and medium values of d/δw for a solid-round wire
winding is defined here as the value of (d/δw)B at which FR = 1.05. This value
is chosen because the skin and proximity effects are negligible and the winding ac
resistance of a solid-round wire Rw is approximately equal to the winding dc resistance
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of a solid-round wire Rwdc. Using (9.28), the ac-to-dc winding resistance ratio of the
solid-round wire at the boundary between low and medium frequencies is
FR = 1 +
η2(5N2l − 1)
45
(
π
4
)3
(
d
δw
)4
B
= 1.05. (4.22)
Solution of this equation yields the normalized solid-round wire diameter at the
boundary between the low and medium frequencies
(
d
δw
)
B
= 4
√
√
√
√
√
9
4
(
π
4
)3
η2(5N2l − 1)
. (4.23)
Hence, the boundary frequency for the solid-round wire winding is
fB =
ρw
πµ0d2
√
√
√
√
√
9
4
(
π
4
)3
η2(5N2l − 1)
. (4.24)
Observe that dv/δw > (d/δw)B and fv > fB.
4.5 Experimental Results
The experimental verification of the equations for the solid-round wire valley diameter
dv, the critical solid-round wire diameter dcr, and the normalized winding ac resistance
of the solid-round wire Fr is performed in this section. For this purpose, ten inductors
commonly used in resonant power converters have been wound with an AWG32,
AWG30, AWG26, AWG24, and AWG20 magnet wire and measured [52].
Table 4.1 gives parameters of measured inductors, where LLF is the low-frequency
inductance, fr is the self-resonant frequency, and C is the self-capacitance. All in-
ductors were wound on the Magnetics 0R42616 ferrite air gapped pot core with the
gap length lg = 100 µm and with the 00B261601 bobbin. The initial permeability of
the core material was µr = 2300 ± 25% and the mean turn length (MTL) lT = 5.3
cm. The inductors equivalent series resistance r [14], [22] was measured using HP
4275A multi-frequency LCR meter with 16047A test fixture. The inductors were
measured at frequencies f = 10, 20, 40, 100, 200, 400, and 1000 kHz. To transform
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Inductor American Number of Number of Inductance Capacitance Res. Freq.
Number Wire Layers Turns LLF C fr
# Gauge Nl N (mH) (pF) (kHz)
1 32 2 88 5.01 26.95 433.53
2 30 2 70 3.47 16.8 546.25
3 26 2 40 1.27 16.8 1115.0
4 24 2 34 0.788 23 1467
5 20 2 18 0.249 111.7 2600
6 32 4 176 20.82 20 245.27
7 30 4 140 13.22 13.5 333.75
8 26 4 80 4.47 10.98 627.5
9 24 4 68 3.12 11.5 722.53
10 20 4 36 0.955 18.85 1293.7
Table 4.1: Parameters of designed and measured inductors.
the measured equivalent series resistance into the winding ac, resistance the following
expression is used [4], [25], [72]
Rw =
1−
√
1− 4ω2r2C2(1− ω2LC)2
2rω2C2
, (4.25)
where L is the inductance at the operating frequency and C is the parasitic self-
capacitance of the inductor. The resonant frequency of the inductors fr was measured
using HP 4194A impedance/gain-phase analyzer with 16047D test fixture. The first
self-resonant frequency of the inductor is
fr =
ωr
2π
=
1
2π
√
LC
. (4.26)
Table 4.2 gives the valley diameter of the solid-round wire winding for two and
four-layer inductors at different frequencies. The measurements of the inductors will
be presented in the form of the normalized winding ac resistance, for ease of compar-
ison. Figs. 4.5-4.12 show the measured and computed normalized winding resistance
as a function of the wire diameter for the two-layer inductors (Nl = 2) and for the
four-layer inductors (Nl = 4) at frequencies f = 100, 200, 400, and 1000 kHz. It
54
Frequency Inductor Number of Valley American
(kHz) Number Layers Diameter (µm) Wire
f # Nl dv Gauge
10 10 4 822 20
20 5 2 830 20
40 8 4 411 26/25
100 3 2 371 27/26
100 7 4 260 30/29
200 2 2 263 30/29
200 6 4 184 33/32
400 1 2 186 33/32
Table 4.2: Diameter of inductor winding at η = 0.7.
10
−1
10
0
10
−1
10
0
10
1
d (mm)
 F
r
 
 
 N
l
 = 2
 f = 100 kHz
Exact
AWG 32
AWG 30
AWG 26
AWG 24
AWG 20
Figure 4.5: Plots of exact normalized winding ac resistance Fr and measured values for
inductors wound with AWG32, AWG30, AWG26, AWG24, and AWG20 solid round
wire as functions of wire diameter d for two-layer inductor (Nl = 2) at frequency
f = 100 kHz.
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Figure 4.6: Plots of exact normalized winding ac resistance Fr and measured values for
inductors wound with AWG32, AWG30, AWG26, AWG24, and AWG20 solid round
wire as functions of wire diameter d for four-layer inductor (Nl = 4) at frequency
f = 100 kHz.
can be seen that the predicted normalized winding ac resistance computed from (4.7)
tracks the measured normalized winding ac resistance with high accuracy.
Figs. 4.5, 4.7, and 4.9 show the measured and computed normalized winding ac
resistance as a function of the wire diameter for the two-layer inductor (Nl = 2). It
can be seen from these plots that the computed valley wire diameter agreed with the
measured valley diameter of inductors #1, #2, and #3, respectively, and that the
resistance of these inductors at the measured frequency was minimal. Figs. 4.6 and
4.8 show the measured and computed normalized winding ac resistance as a function
of the wire diameter for the four-layer inductor (Nl = 4). As can be seen, for the four-
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Figure 4.7: Plots of exact normalized winding ac resistance Fr and measured values for
inductors wound with AWG32, AWG30, AWG26, AWG24, and AWG20 solid round
wire as functions of wire diameter d for two-layer inductor (Nl = 2) at frequency
f = 200 kHz.
Frequency Inductor Number of Critical American
(kHz) Number Layers Diameter (µm) Wire
f # Nl dcr Gauge
200 4 2 489 25/24
200 10 4 879 20/19
1000 8 4 393 27/26
Table 4.3: Critical diameter of inductor winding at η = 0.7.
layer inductors, the computed valley wire diameter agreed with the measured valley
diameter of inductors #7 and #6, respectively, and the resistance of each inductor
at the measured frequency was minimal.
Table 4.3 gives critical diameter of the inductor winding at η = 0.7. It can be seen
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Figure 4.8: Plots of exact normalized winding ac resistance Fr and measured values for
inductors wound with AWG32, AWG30, AWG26, AWG24, and AWG20 solid round
wire as functions of wire diameter d for four-layer inductor (Nl = 4) at frequency
f = 200 kHz.
that as the number of layers in the inductor increases, the critical wire diameter also
increases. Figs. 4.7, 4.9-4.12 show that above the critical wire diameter, the measured
winding ac resistance was lower than that at the local minimum. Moreover, by using
the round-wire windings with a diameter equal or greater than the critical diameter,
it is possible to decrease the amplitude of the current density in the wire and hence
to minimize the probability of the conductor destruction by heat.
The measurements showed that at frequency f = 1 MHz, AWG32 is the hill
diameter for the two and four-layer inductors (Figs. 4.11 and 4.12). Using (4.8),
the computed hill diameter was dh = 203 µm for the two-layer inductor (#1) and
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Figure 4.9: Plots of exact normalized winding ac resistance Fr and measured values for
inductors wound with AWG32, AWG30, AWG26, AWG24, and AWG20 solid round
wire as functions of wire diameter d for two-layer inductor (Nl = 2) at frequency
f = 400 kHz.
dh = 209 µm for the four-layer inductor (#6). Therefore, as the number of layers
increases, the hill diameter increases.
4.6 Conclusion
In this chapter, analytical optimization of solid-round wire inductor windings has
been presented. The normalized valley diameter of solid-round wire winding, at which
local minimum of winding ac resistance is achieved, has been derived using low and
medium frequency approximation. Equations for ac resistance at the valley diameter
and for the normalized hill diameter at which local maximum of winding ac resistance
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Figure 4.10: Plots of exact normalized winding ac resistance Fr and measured val-
ues for inductors wound with AWG32, AWG30, AWG26, AWG24, and AWG20 solid
round wire as functions of wire diameter d for four-layer inductor (Nl = 4) at fre-
quency f = 400 kHz.
is achieved, have been given. It has been shown that the valley diameter of the solid-
round wire depends on the frequency f of the conducting current and the number
of winding layers Nl in the inductor. As both the current frequency and number of
layers increases, the valley diameter of the solid-round wire winding decreases. This
results in a lower cross-sectional conductor area and higher amplitude of the current
density in the conductor, and may result in destruction of the winding by overheating.
Dowell’s equation and the measurements have shown that the valley diameter assures
only a local minimum of winding ac resistance. For the wire diameters much greater
than the valley diameter, the winding ac resistance is the same or even lower than
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Figure 4.11: Plots of exact normalized winding ac resistance Fr and measured values
for inductors wound with AWG32, AWG30, AWG26, AWG24, and AWG20 solid
round wire as functions of wire diameter d for two-layer inductor (Nl = 2) at frequency
f = 1 MHz.
that of the valley wire diameter. This is because the winding dc resistance is strongly
dependent on the wire diameter. The diameter of the wire at which the winding ac
resistance is same as the ac resistance for valley wire diameter is called the critical
diameter dcr. In this paper, the critical wire diameter has been derived using an
approximate equation for the winding ac resistance of solid-round wire windings,
valid at high-frequencies. The accuracy of equations for the normalized ac resistance,
valley wire diameter, and critical wire diameter has been experimentally verified. The
predicted results were in good agreement with the measured results.
The main conclusions drawn from the analysis of this chapter are as follows:
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Figure 4.12: Plots of exact normalized winding ac resistance Fr and measured val-
ues for inductors wound with AWG32, AWG30, AWG26, AWG24, and AWG20 solid
round wire as functions of wire diameter d for four-layer inductor (Nl = 4) at fre-
quency f = 1 MHz.
• There is a solid-round wire diameter, called the valley diameter, at which the
winding ac resistance achieves a local minimum. This diameter should be used
for low-loss inductors.
• There is a solid-round wire diameter, called the hill diameter, at which the wind-
ing ac resistance reaches a local maximum. This diameter should be avoided in
efficient inductor and transformer designs.
• There is a solid-round wire diameter, called the critical diameter, at which
the winding ac resistance is equal to the resistance at the local minimum. An
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increase in the diameter above the critical diameter, causes a decrease of the
winding ac resistance. Inductors conducting large currents should use windings
with a diameter equal or greater than the critical diameter.
• As the frequency of the sinusoidal current through inductor winding increases,
the valley diameter, the hill diameter, and the critical diameter all decrease.
• As the number of layers in the inductor increases, the valley diameter decreases.
• As the number of layers in the inductor increases, both the hill diameter and
the critical diameter increase.
• For the valley diameter of the solid-round wire winding, the ac-to-dc resistance
ratio of the solid-round wire winding is equal to two (FR = FRv = 2).
• For a sinusoidal current at a fixed frequency, the winding resistance of the solid-
round wire winding decreases as the diameter of the wire d increases beyond
the critical diameter dcr.
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5 Winding Resistance of Litz-Wire and Multi-Strand
Wire Inductors Conducting Sinusoidal Current
This chapter presents an approximate model for litz-wire winding, including multi-
strand wire winding. The proposed model is evaluated using Dowell’s equation. The
model takes into account the existence of proximity effect within the litz-wire bundle
between the strands and between the bundles, as well the skin effect. The expressions
for optimum strand diameter and number of strands at which minimum winding ac
resistance is obtained for the litz-wire windings are derived. The boundary frequency
between the low-frequency and the medium-frequency ranges are given for both litz-
wire and solid-round wire inductors. Hence, the low-frequency range of both wire
windings are determined. It is shown that litz-wire is better than the solid wire only
in specific frequency range. An example of a design procedure of litz-wire winding
inductor is presented. The model has been verified by the measurements, and the
theoretical results were in good agreement with those experimentally measured. The
chapter compares the theoretical predictions of the proposed approximate litz-wire
model with models proposed by other authors and with experimental results.
Litz wire is used to reduce winding power losses of inductors and transformers.
Power inductor and power transformer losses consist of winding dc loss, winding ac
loss, and core losses. The dc losses are due to a high dc resistance of a winding
conductor and they can be simply reduced by increasing a cross-sectional area of the
conductor. The winding ac power loss at high frequencies in an inductor is caused by
eddy currents. There are two effects of eddy currents: the skin effect and the prox-
imity effect [1]-[51], [56]-[64], [65]-[71], [73]-[76], [78]-[84]. Both effects are frequency
dependent and alter the current density distribution in the conductor through which
the current flows. For the low-frequency operation, the conductor winding resistance
is approximately equal to the dc resistance. However with increasing the operating
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frequency, the winding resistance rapidly increases. In order to maintain the low
winding ac resistance at higher frequencies, it is desirable to use a parallel multi-
strand wire, including the litz-wire or in German Litzendraht. A multi-strand wire
winding consists of at least two strands, and a litz-wire winding consists of many
strands, up to couple of thousands of strands in a bundle [87]. Various approaches
to the analysis of multi-strand and litz-wire windings have been presented [25], [31],
[32], [34], [38]-[45], [47]-[51], [56].
The objectives of this chapter are to:
• Introduce a model of litz-wire winding.
• Adapt Dowell’s equation for the litz-wire winding model.
• Develop a relatively simple equation for the resistance of litz-wire winding.
• Determine the optimum strand diameter.
• Determine the number of strands in the litz-wire bundle at which the minimum
winding ac resistance is obtained.
• Determine the boundary frequency between the low-frequency and medium-
frequency ranges for a litz-wire winding and a solid-round wire winding.
• Compare the resistance of a litz-wire winding with that of a solid-round wire
winding over a wide frequency range.
Section 5.1 introduces an approximate model of litz-wire winding, including multi-
strand wire winding and presents assumptions for validity of this model. Relation-
ships between litz-wire and solid-round wire windings are given in Section 5.2. Section
5.3 includes derivation of a general expression for the boundary frequency between
low and medium-frequency ranges for solid-round wire windings as a function of the
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number of layers Nl. Section 5.4 adopts Dowell’s expression for litz-wire windings,
including multi-strand wire windings. A low and medium frequency approximation
of the modified Dowell’s equation for litz-wire windings is given and expressions for
optimum strand diameter and required number of strands in the litz-wire bundle at
which minimum winding resistance is obtained are derived. The general expression
for the boundary frequency between low and medium-frequency ranges for litz-wire
windings as a function of the number of layers is given. Moreover, the relation between
the boundary frequency of the litz-wire windings and the boundary frequency of the
solid-round wire windings is presented. The relation between normalized optimum
strand diameter and normalized strand diameter at the boundary between low and
medium frequencies is also given. In Section 5.7 comparison of winding ac resistance
of litz-wire and winding ac resistance of solid-round wire is given. This section shows
the frequency range, where the litz-wire windings exhibit lower winding losses than
the solid-round wire windings. Section 5.8 describes relationship between the induc-
tor winding ac resistance and equivalent series resistance (ESR) with negligible core
losses. Additionally, the model of the measured inductor with negligible core losses as
well as the equations for equivalent series resistance and equivalent series reactance
are presented. Section 5.9 presents experimental verification and compares several
methods to predict the ac resistance of the litz-wire windings. Finally, conclusions
and discussions are conducted in Section 5.10.
5.1 Proposed Model of Litz-Wire and Multi-Strand Wire
Windings
Figure 5.1 shows a proposed approximate model of litz-wire and multi-strand wire
windings. The winding consists of Nl bundle layers. Each bundle contains k strands.
There are different shapes of litz-wire bundles, such as round, square, rectangular,
and hexagonal [87]. It is assumed that the net currents in all strands are equal (i/k),
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Figure 5.1: Model of litz-wire and multi-strand wire windings.
where i is the net current flowing through the litz-wire bundle. The number of layers
in each bundle is
√
k and the number of strand turns per inductor strand layer is Ntl .
It is also assumed that the individual strands are parallel to the axis of the bundle, all
strands within the bundle and between the bundles are uniformly spaced, and each
effective bundle in the model has a square shape. Therefore, the effective number of
layers of a litz-wire and multi-strand wire inductor is given by
Nll = Nl
√
k. (5.1)
This model will be used in the subsequent analysis.
The model of the litz-wire winding given in [25] is different than the model pro-
posed in this chapter. It is described by Bessel functions in cylindrical coordinates.
This model is more complex and leads to a much more complicated equation describ-
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ing the winding resistance.
A challenging problem is to determine the winding resistance of the proposed
model. In 1966, Dowell derived an analytical rigorous physics-based equation for
foil winding resistance from Maxwell’s equations in Cartesian coordinates, using a
one-dimensional (1-D) winding model. The main assumption in his derivation is that
the winding consists of straight parallel foil conductors. As a result, the magnetic
field is everywhere parallel to the conducting layers. The curvature, edge, and end
effects are neglected. This equation takes into account both the skin and proximity
effects. Dowell’s equation was adapted to other shapes of winding conductors, such as
rectangular, square, and round conductors. In reality, the magnetic field exhibits also
perpendicular or circumferential component in addition to the parallel component,
whose distribution requires a 2-D analysis. The magnitude of the perpendicular
component depends on many factors such as the distance between the turns, the
actual geometry of the winding, the distance between the layers, and the number of the
layers and turns. The distance between the turns is described by the porosity factor
η = p/d, where d is the diameter of the bare winding conductor and p is the distance
between the centres of the conductors in a layer. It has been shown in [19] that the
error between 2-D and 1-D analyses “is minimal in the range 40% ≤ η ≤ 70%.” The
porosity factor η falls into this range for litz-wire windings. The error increases for
the porosity factor η close to 1 (the conductors nearly touch each other) and for small
values of η (the distance between the conductors is large). Moreover, publication
[19] has shown that the round wire conductor winding resistance computed from 2-D
model is greater than the winding resistance predicted by 1-D Dowell’s equation. A
2-D finite element analysis (FEA) in [35] has shown that 1-D Dowell’s equation also
underestimates winding losses in round conductor windings.
Some publications [56], [57], [46], [15], [16], [63], [65], [71], and [30] have shown
that 1-D model used for round conductor windings predicts accurately the winding
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resistance. In these publications, the results were verified with the experimental data.
In [46], it has been shown that “the losses at the fundamental frequency are always
accurate for round wire”, when calculated using Dowell’s equation. In [63], it has
been shown that “theoretical predictions are in good agreement with the measurement
data”, when a 1-D field analysis is used for solid-round conductors winding. In [65],
it has been shown that the 1-D model results compared with real measurements “can
be appreciated the high precision of the model.”
In contrast, publications [40], [47], and [48] have shown that 1-D Dowell’s equa-
tion overestimates the winding resistance. In particular, the analysis in [40] showed
that Dowell’s equation introduces a 5% error at high values of porosity factor and a
large number of layers for round winding conductors. In addition, Dowell’s equation
seriously underestimates the winding resistance at low values of the porosity factor
and a low number of layers.
It is difficult to use a finite element analysis for simulation of litz-wire windings.
This is because litz-wire bundles consist of hundreds or thousands of strands. There-
fore, simulation of litz-wire windings with a sufficiently small mesh to achieve accurate
eddy-currents density distribution requires long computation time [51], which is quite
often a critical factor for daily industry designs. Moreover, FEA simulations give
information on specific cases only, and adaptation of the solutions to other cases is a
difficult task. In the subsequent analysis, the analytical Dowell’s expression is trans-
formed to describe the winding resistance of litz-wire and multi-strand wire inductors.
This equation gives a lot of insight into various dependencies of winding resistances
and can be easily used in industrial environment. Several methods of computing
litz-wire winding resistance will be compared with each other and with experimental
results in Section 5.9.
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5.2 Relationships Between Litz-Wire and Solid-Round Wire
Windings
The dc resistance of a litz-wire winding is
Rwdc(litz) =
4ρwlw
kπd2str
=
4ρwNlT
kπd2str
, (5.2)
where ρw = 1/σw is the winding conductor resistivity, dstr is the diameter of the single
bare strand, lw = NlT is the total strand length, N is the total number of turns in
the inductor, and lT is the mean turn length (MTL).
The dc resistance of a solid-round wire winding is given by
Rwdc(solid) =
4ρwlw
πd2
=
4ρwNlT
πd2
, (5.3)
where d is the diameter of a bare solid-round wire, lw = NlT is the total solid-
round wire length. Equating the dc resistance of the litz-wire winding in (5.2) to the
dc resistance of the solid-round wire winding in (5.3), one obtains the relationship
between the diameter of a bare solid-round wire and the diameter of a litz-wire bare
strand in order to ensure the same dc resistance of both windings
dstr =
d√
k
. (5.4)
5.3 Solid-Round Wire Winding Resistance
For the solid-round wire inductor conducting sinusoidal current, the ac-to-dc winding
resistance ratio FR is expressed as [14]
FR(solid) =
Rw(solid)
Rwdc(solid)
= A
[
sinh(2A) + sin(2A)
cosh(2A)− cos(2A) +
2(N2l − 1)
3
sinh(A)− sin(A)
cosh(A) + cos(A)
]
,
(5.5)
where Rw(solid) is the ac resistance of a solid-round wire winding
Rw(solid) = FR(solid)Rwdc(solid)
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= Rwdc(solid)A
[
sinh(2A) + sin(2A)
cosh(2A)− cos(2A) +
2(N2l − 1)
3
sinh(A)− sin(A)
cosh(A) + cos(A)
]
(5.6)
and Rw(solid) with compensation for 5% error [40]
Rw(solid) = FR(solid)Rwdc(solid)
= Rwdc(solid)A
[
sinh(2A) + sin(2A)
cosh(2A)− cos(2A) +
1.9(N2l − 1)
3
sinh(A)− sin(A)
cosh(A) + cos(A)
]
. (5.7)
The variable A for a solid-round wire winding is given by
A =
(
π
4
)0.75 d
δw
√
η. (5.8)
The constant η is the porosity factor defined as
η =
d
p
. (5.9)
The skin depth of the conducting wire δw is described by
δw =
√
2
µ0σwω
=
1√
πµ0σwf
=
√
ρw
πµ0f
, (5.10)
where µ0 is the free space permeability. Figure 5.2 shows a plot of the ac-to-dc winding
resistance ratio FR as a function of d/δw for a solid-round wire winding with η = 0.9
and several numbers of layers Nl = 1, 2, 4, 10.
The approximate Dowell’s equation for solid-round wire windings valid for low
and medium frequencies is [45]
FR(solid) ≈ 1 +
(5N2l − 1)
45
A4 = 1 +
η2(5N2l − 1)
45
(
π
4
)3
(
d
δw
)4
for A ≤ 2. (5.11)
The normalized diameter of the solid-round wire at a given FR(solid) in the low and
medium frequency range is
d
δw
= 4
√
√
√
√
√
45(FR(solid) − 1)
(
π
4
)3
η2(5N2l − 1)
. (5.12)
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Figure 5.2: Plots of the ac-to-dc winding resistance ratio FR as a function of d/δw for
solid-round wire with η = 0.9 and several numbers of layers Nl = 1, 2, 4, 10.
The boundary between the low and medium values of d/δw for a solid-round wire
winding is defined here as the value of (d/δw)B at which FR(solid) = 1.05 as illustrated
in Fig. 5.2. This value is chosen because the skin and proximity effects are negligible
and the winding ac resistance of a solid-round wire Rw(solid) is approximately equal to
the winding dc resistance of a solid-round wire Rwdc(solid). Using (5.11), the ac-to-dc
solid-round wire winding resistance ratio at the boundary between low and medium
frequencies is
FR(solid) ≈ 1 +
η2(5N2l − 1)
45
(
π
4
)3
(
d
δw
)4
B
= 1.05. (5.13)
Solution of this equation yields the normalized solid-round wire diameter at the
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boundary between the low and medium frequencies
(
d
δw
)
B
= 4
√
√
√
√
√
9
4
(
π
4
)3
η2(5N2l − 1)
. (5.14)
Hence, the boundary frequency is
fB(solid) =
ρw
πµ0d2
√
√
√
√
√
9
4
(
π
4
)3
η2(5N2l − 1)
. (5.15)
5.4 Modified Dowell’s Equation for Litz-Wire and Multi-
Strand Wire Windings
To adapt Dowell’s equation to describe the ac-to-dc winding resistance ratio of the
litz-wire and multi-strand wire windings FR(litz), the effective number of layers Nll for
a litz-wire and multi-strand wire windings should be taken into account. Substitution
of the effective number of layers Nll in (5.1) into Dowell’s equation for the ac-to-dc
winding resistance ratio FR(solid) in (5.5) yields modified Dowell’s equation for litz-wire
and multi-strand wire windings
FR(litz) =
Rw(litz)
Rwdc(litz)
= Astr
[
sinh(2Astr) + sin(2Astr)
cosh(2Astr)− cos(2Astr)
+
2(N2ll − 1)
3
sinh(Astr)− sin(Astr)
cosh(Astr) + cos(Astr)
]
,
(5.16)
where Rw(litz) is the ac resistance of the litz-wire and multi-strand wire windings is
Rw(litz) = FR(litz)Rwdc(litz)
= Rwdc(litz)Astr
[
sinh(2Astr) + sin(2Astr)
cosh(2Astr)− cos(2Astr)
+
2(N2ll − 1)
3
sinh(Astr)− sin(Astr)
cosh(Astr) + cos(Astr)
]
(5.17)
and Rw(litz) with compensation for 5% error [40]
Rw(litz) = FR(litz)Rwdc(litz)
= Rwdc(litz)Astr
[
sinh(2Astr) + sin(2Astr)
cosh(2Astr)− cos(2Astr)
+
1.9(N2ll − 1)
3
sinh(Astr)− sin(Astr)
cosh(Astr) + cos(Astr)
]
.
(5.18)
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The variable Astr for a round strands is
Astr =
(
π
4
)0.75 d
δw
√
η
k
=
(
π
4
)0.75 dstr
δw
√
η. (5.19)
Referring to Fig. 5.1, the equivalent porosity factor defined for the model of litz-wire
and multi-strand wire windings is given by
η =
dstr
p
. (5.20)
The modified Dowell’s equation in (5.16) is approximated by substituting the
number of layers Nl by the effective number of layers Nll = Nl
√
k and A by Astr in
(5.11)
FR(litz) ≈ 1 +
(5N2ll − 1)
45
A4str = 1 +
η2(5N2ll − 1)
45
(
π
4
)3
(
dstr
δw
)4
= 1 +
η2(5N2l k − 1)
45
(
π
4
)3
(
dstr
δw
)4
for Astr ≤ 2 (5.21)
Figure 5.3 shows 3-D plots of ac-to-dc winding resistance ratio FR(solid) and FR(litz) as
functions of d/δw and the number of layers Nl for inductors wound with a solid-round
wire and a 225 strand litz-wire at η = 0.9. It can be seen that the skin and proximity
effects for the litz-wire winding starts to increase the winding resistance at higher
values of d/δw than those of the solid-round wire winding. Moreover, the ac-to-dc
winding resistance ratio for litz-wire winding FR(litz) at high values of d/δw is much
greater than that of the solid-round wire winding FR(solid).
Figure 5.4(a) shows plots of FR(solid) and FR(litz) as functions of d/δw for a solid-
round wire winding and two kinds of litz-wire winding with k = 100 and k = 2500 at
η = 0.9. Figure 5.4(b) shows plots of FR(solid) and FR(litz) as functions of frequency f
for a solid-round wire winding and two kinds of litz-wire winding with k = 100 and
k = 2500 at η = 0.9. The solid-round wire winding was made up of a round wire of
the bare wire diameter d = 1.45 mm, four bundle layers (Nl = 4), and η = 0.9. The
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Figure 5.3: 3-D plots of ac-to-dc winding resistance ratio FR as a function of d/δw
and number of layers Nl for power inductors. a) With solid-round wire winding. b)
With k = 225 strand litz-wire winding at η = 0.9.
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Figure 5.4: Plots of FR(solid) and FR(litz) as functions of d/δw and as functions of
frequency f for Nl = 4, d = 1.45 mm, k = 100, dstr = 145 µm, k = 2500, dstr = 29
µm, and η = 0.9. (a) FR(solid) and FR(litz) as functions of d/δw. (b) FR(solid) and
FR(litz) as functions of frequency f .
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first litz-wire winding consisted of k = 100 strands, bare strand diameter dstr = 145
µm, four bundle layers (Nl = 4), and η = 0.9. The second litz-wire winding consisted
of k = 2500 strands, bare strand diameter dstr = 29 µm, four bundle layers (Nl =
4), and η = 0.9. It can be seen from the plot that the low-frequency range of the
litz-wire winding is wider than that of the solid-round wire winding. This is because
the diameter of the strand in the litz-wire winding is
√
k times lower than that of the
solid-round wire winding, i.e, dstr = d/
√
k << 2δw. Therefore, the skin and proximity
effects are negligible resulting in the uniform current density in each strand. Thus,
Rw(litz) ≈ Rwdc(litz), and therefore FR(litz) ≈ 1. At medium frequencies of the litz-wire
winding, the ac-to-dc resistance ratio of the litz-wire winding is much lower than that
of the solid-round wire winding with the same cross-sectional conductor area. At
high frequencies of the litz-wire winding, the ac-to-dc resistance ratio of the litz-wire
winding is much greater than the ac-to-dc resistance ratio of the solid-round wire
winding with the same cross-sectional conductor area. This physical behavior of litz-
wire windings is due to the large number of effective layers and it was also observed
in other publications [19], [25], [41], [49], [50].
5.5 Optimum Strand Diameter
While designing the litz-wire winding inductor, usually the problem is how to chose
the strand diameter and the number of strands in the bundle. The optimum strand
diameter is derived under the following assumptions:
• The number of bundle layers is constant (Nl = const).
• The number of strands is constant (k = const).
• The number of effective layers is constant (Nll = Nl
√
k = const).
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From (5.21), the approximated equation for the ac resistance of the litz-wire winding
is
Rw(litz) = FR(litz)Rwdc(litz) ≈
4ρwlw
kπd2str
[
1 +
(5N2ll − 1)
45
A4str
]
=
4ρwlw
kπd2str


1 +
(
π
4
)3
η2(5N2ll − 1)
45
(
dstr
δw
)4



=
4ρwlw
kπ



1
d2str
+
(
π
4
)3
η2(5N2ll − 1)d2str
45δ4w


 for Astr ≤ 2. (5.22)
Taking the derivative of (5.22) with respect to dstr and setting the result to zero, we
obtain
dRw(litz)
ddstr
=
4ρwlw
kπ



−2
d3str
+
(
π
4
)3
2η2(5N2ll − 1)dstr
45δ4w


 = 0. (5.23)
Solution of this equation gives the normalized optimum strand diameter at which
the litz-wire winding resistance has a local minimum value for specified values of
Nl, k, and η
dstr(opt)
δw
= 4
√
√
√
√
√
45
(
π
4
)3
η2(5N2ll − 1)
= 4
√
√
√
√
√
45
(
π
4
)3
η2(5N2l k − 1)
. (5.24)
Hence, the number of strands in the litz-wire bundle at which the minimum winding
ac resistance occurs is given by
kcr =
9
(
π
4
)3
η2N2l
(
dstr(opt)
δw
)4 +
1
5N2l
. (5.25)
Substitution of (5.24) into (5.21) produces the ac-to-dc resistance ratio at the opti-
mum value of dstr(opt)/δw
FRcr = 1 +
η2(5N2ll − 1)
45
(
π
4
)3




4
√
√
√
√
√
45
(
π
4
)3
η2(5N2ll − 1)




4
= 1 + 1 = 2. (5.26)
Equation (5.25) can also be obtained from (5.21) and from substituting FR(litz) =
FRcr = 2. Figure 5.5 shows plots of the number of strands kcr computed from (5.25)
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Figure 5.5: Plots of the number of strands kcr as functions of normalized optimum
strand diameter dstr(opt)/δw at different number of bundle layers Nl = 2, 5, 10 and
η = 0.7.
as functions of the normalized optimum strand diameter for an inductor with different
numbers of bundle layers Nl = 2, 5, 10 at η = 0.7. It can be seen that as the optimum
strand diameter dstr(opt) increases, the number of strands kcr to achieve minimum
winding ac resistance decreases.
As the strand diameter dstr increases beyond dstr(opt), the litz-wire winding ac
resistance first increases, reaches a maximum value, and than decreases as for solid-
round wire winding [14]. At a certain value of the strand diameter dstr > dstr(opt), the
litz-wire winding ac resistance decreases below the local minimum value [14].
Substituting dstr = d/
√
k into (5.21) and setting FR(litz) = FRcr = 2, we obtain the
number of strands in the litz-wire bundle at which the minimum winding resistance
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occurs
kcr =
5N2l +
√
(5N2l )
2 − 180
η2(π4 )
3
(
δw
d
)4
90
η2(π4 )
3
(
δw
d
)4 , (5.27)
where d is the equivalent bundle bare conductor diameter determined by the current
density Jm, Aw is the conductor cross-sectional area in the bundle
Aw =
πd2
4
=
Im
Jm
, (5.28)
and Im is the amplitude of the inductor sinusoidal current.
5.6 Boundary Between Low and Medium Frequencies for
Litz-Wire and Multi-Strand Wire Windings
Using (5.21), one can express the ac-to-dc litz-wire and multi-strand wire winding
resistances ratio at the boundary between low and medium frequencies as
FR(litz) ≈ 1 +
η2(5N2ll − 1)
45
(
π
4
)3
(
dstr
δw
)4
= 1.05. (5.29)
Solution of this equation yields the normalized strand diameter at the boundary
between the low and medium frequencies
(
dstr
δw
)
B
= 4
√
√
√
√
√
9
4
(
π
4
)3
η2(5N2ll − 1)
= 4
√
√
√
√
√
9
4
(
π
4
)3
η2(5N2l k − 1)
. (5.30)
Figure 5.6 shows the normalized strand diameter at the boundary between the low
and medium frequencies as a function of number of layers Nl for k = 30 and k = 300
at η = 0.7. The boundary frequency for the litz-wire winding is given by
fB(litz) =
ρw
πµ0d2str
√
√
√
√
√
9
4
(
π
4
)3
η2(5N2ll − 1)
=
ρw
πµ0d2str
√
√
√
√
√
9
4
(
π
4
)3
η2(5N2l k − 1)
. (5.31)
The ratio of boundary frequency of litz-wire winding to the boundary frequency
of the solid-round wire winding is
fB(litz)
fB(solid)
=
(
d
dstr
)2
√
√
√
√
5N2l − 1
5N2l k − 1
= k
√
√
√
√
5N2l − 1
5N2l k − 1
. (5.32)
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Figure 5.6: Plots of the normalized strand diameter at the boundary between the low
and medium frequencies (dstr/δw)B for litz-wire winding as a function of number of
layers Nl for k = 30 and k = 300 at η = 0.7.
where (d/dstr)
2 = k for the same conductor cross-sectional area. Since N2l >> 1/5,
the ratio of the boundary frequency of the litz-wire winding to the boundary frequency
of the solid-round wire winding can be approximated by
fB(litz)
fB(solid)
≈
√
k. (5.33)
From (5.24) and (5.30), one obtains
dstr(opt)
δw
(
dstr
δw
)
B
=
4
√
45
(π4 )
3
η2(5N2
ll
−1)
4
√
9
4(π4 )
3
η2(5N2
ll
−1)
=
4
√
20 ≈ 2.1147. (5.34)
81
10
−1
10
0
10
1
10
2
10
3
10
−2
10
−1
10
0
10
1
10
2
d/δ
w
 
 R
w
(li
tz
) /
 R
w
(s
ol
id
) 
k = 2000
k = 100
k = 10
(a)
10
2
10
4
10
6
10
8
10
10
10
−2
10
−1
10
0
10
1
10
2
f (Hz)
 R
w
(li
tz
) /
 R
w
(s
ol
id
) 
k = 2000
k = 100
k = 10
N
l
 = 4
(b)
Figure 5.7: Ratio of the winding ac resistance of the litz-wire Rw(litz) to the winding
ac resistance of the solid-round wire Rw(solid) as function of d/δw and frequency f
with the same cross-sectional conductor area at d = 0.32 mm, Nl = 4, N = 114, lT
= 6 cm, and k = 10, 100, 2000 strands at η = 0.9. (a) Ratio of Rw(litz) to Rw(solid) as
functions of d/δw. (b) Ratio of Rw(litz) to Rw(solid) as functions of frequency f .
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5.7 Comparison of Winding Ac Resistances of Litz-Wire and
Solid-Round Wire
The ratio of the winding ac resistance of the litz-wire Rw(litz) to the winding ac
resistance of the solid-round wire Rw(solid) is defined as
ζ =
Rw(litz)
Rw(solid)
. (5.35)
Figure 5.7(a) shows the ratio of winding ac resistance of the litz-wire winding to the
winding ac resistance of the solid-round wire winding with the same cross-sectional
conductor area as functions of d/δw for litz-wire winding with k = 10, 100, 2000
strands, Nl = 4, N = 114, and lT = 6 cm at η = 0.9. It can be seen that as d/δw
is increased, the ratio ζ is first constant, then decreases, reaches a minimum value,
next increases, and finally remains constant at ζ > 1. When ζ < 1, the litz-wire
winding resistance is lower than that of the solid-round wire winding. When ζ > 1,
the litz-wire winding resistance is several times higher than that of the solid-round
wire winding. The value of d/δw at which ζ has the minimum value is the optimum
value (d/δw)opt of the litz-wire winding. This value corresponds to the optimum
frequency fopt at a fixed value of d. In addition, the minimum value of ζ decreases as
the number of strands k increases. Figure 5.7(b) shows ratio of winding ac resistance
of the litz-wire winding to the winding ac resistance of the solid-round wire winding
with the same cross-sectional conductor area as functions of frequency for litz-wire
winding with k = 10, 100, 2000 strands, Nl = 4, N = 114, lT = 6 cm, and d = 0.32
mm at η = 0.9.
5.8 Relationship Between Rw, ESR, and Measured Data
It is impossible to measure directly the winding resistance Rw at frequencies close
to the self-resonant frequency because of the inductor self-capacitance. A lumped-
parameter model of the inductor neglecting the core losses is depicted in Fig. 6.7(a).
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Figure 5.8: Equivalent circuit of inductors with negligible core losses. (a) Lumped-
parameter equivalent circuit. (b) Equivalent series circuit.
The model of the inductor consists of self-inductance L, winding ac resistance Rw,
and parasitic self-capacitance C [62], [66]. Additionally, the model may contain core
resistance Rc in series with winding ac resistance Rw. However, in the subsequent
analysis, the core resistance is neglected. This is because the core loss is very low
at low values of the magnetic flux density B. Neglecting the core resistance, the
impedance of the equivalent circuit depicted in Fig. 6.7(a) is [25], [14]
Z =
Rw
(1− ω2LC)2 + (ωCRw)2
+ jωL
1− ω2LC − CR2w
L
(1− ω2LC)2 + (ωCRw)2
= r + jx = |Z|ejφ,
(5.36)
where r is the equivalent series resistance (ESR), x is the equivalent series reactance,
|Z| is the magnitude of impedance, and φ is the phase of impedance.
The equivalent series circuit of the inductor is shown in Fig. 6.7(b). The com-
ponents r and x of the equivalent series circuit can be measured by an impedance
meter. The inductor winding ac resistance is given by
Rw =
1−
√
1− 4ω2r2C2(1− ω2LC)2
2rω2C2
. (5.37)
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The first self-resonant frequency of the inductor is
fr =
ωr
2π
=
1
2π
√
LC
. (5.38)
Figure 5.9 shows plots of the magnitude and the phase of inductor impedance at
Nl = 4, N = 114, k = 20, dstr = 80 µm, L = 168 µH, lT = 6 cm, and fr =
2.62 MHz. For very low-frequencies, the inductor impedance is resistive. At higher
frequencies, below the resonant frequency, the inductor impedance is inductive. Above
the resonant frequency, the inductor impedance is capacitive.
The inductor quality factor due to the winding ac resistance at Rc = 0 is defined
as
QLRw =
ωL
Rw
. (5.39)
and the quality factor of an inductor due to the core series resistance Rw = 0 is
QLRc =
ωL
Rc
. (5.40)
The quality factor of an inductor with a magnetic core at a given frequency f due to
the both QLRw and QLRc is defined as
QLo =
ωL
Rw +Rc
=
1
Rw
ωL
+ Rc
ωL
=
1
1
ωL/Rw
+ 1
ωL/Rc
=
1
1
QLRw
+ 1
QLRc
=
QLRwQLRc
QLRw +QLRc
.
(5.41)
Neglecting the core resistance, the inductor reactance factor is expressed as
q =
x
r
=
ωL
(
1− ω2LC − CR2w
L
)
Rw
. (5.42)
5.9 Experimental Verification
In this section, the experimental verification of the proposed model and the analytical
expression (5.4) for the litz-wire winding ac resistance Rw(litz) was performed. An
inductor was designed, built, and tested. This inductor was used in the class D
resonant inverter with series resonant circuit [52]. The class D inverter had the
following specifications: VI = 140 V, PO = 38 W, f = 73 kHz, QL = 7, and ηI = 93%.
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Figure 5.9: Magnitude and phase of inductor impedance Z as functions of frequency
for Nl = 4, N = 114, k = 20, dstr = 80 µm, L = 168 µH, lT = 6 cm, and fr = 2.62
MHz. (a) Magnitude of inductor impedance |Z|. (b) Phase of inductor impedance φ.
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The dc input power of the inverter is
PI =
PO
ηI
=
38
0.93
= 40.86 W. (5.43)
The overall resistance of the inverter can be calculated as
R =
2V 2I
π2PI
=
2× 1402
π2 × 40.86 = 97.2 Ω. (5.44)
The load resistance of the inverter is
RL = ηIR = 0.93× 97.2 = 90.396 Ω. (5.45)
The values of the reactive components of the resonant circuit are
L =
QLR
ω
=
7× 97.2
2π × 73× 103 = 1.48 mH (5.46)
and
Cs =
1
ωQLR
=
1
2π × 73× 103 × 7× 97.2 = 3.2 nF. (5.47)
An inductor with inductance L = 1.48 mH wound with a copper litz wire was
built and measured. The total number of turns in the inductor was N = 24 and the
number of bundle layers was Nl = 2. The amplitude of the current density in the
litz-wire bundle was Jm = 1.156 A/mm
2 and diameter of the solid-round wire using
(5.28) was approximately d ≈ 1 mm. Assuming initial porosity factor η = 0.7, from
(5.27) the required number of strands is k1 = 30. The litz-wire winding consisted of
thirty strands (k = 30) made of AWG32 copper magnet wire, where the bare strand
diameter was dstr = 201.9 µm and the insulated wire diameter was do = 241 µm. The
optimum diameter of the bare strand computed from equation (13) given in [38] was
dstr(opt) = 191.259 µm at η = 1. The optimum bare strand diameter computed from
(5.24) was dstr(opt) = 183.445 µm at η = 0.7. The maximum value of porosity factor
η occurs when the insulated strands are in intimate contact and it is expressed by
ηmax =
(
dstr
do
)2
=
(
0.2019
0.241
)2
= 0.70184 ≈ 0.702. (5.48)
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Hence, the maximum value of Astr for the litz-wire inductor due to intimate contact
of the insulated strands is given by
Astr(max) =
(
π
4
) 3
4 √
ηmax
(
dstr
δw
)
= 0.8343×
√
0.70184×
(
dstr
δw
)
= 0.6989
(
dstr
δw
)
.
(5.49)
A Siemens Matsushita Components EC 41 B66339-G0000-X117 ungapped core was
used with B66274 coil former (bobbin). The core material was MnZn ferrite N27
with relative permeability µr = 2000± 20%. The cross-sectional area of the core was
Ac = 121 mm
2. The breadth of the bobbin window was bb = 2.5 cm, the breadth of
the core window was bc = 2.7 cm, and the mean turn length (MTL) was lT = 6.66
cm.
The measurements were carried out using the HP4194A Impedance/Gain-Phase
Analyzer equipped with the HP16047D test fixture. This meter measures the equiv-
alent series resistance r and the equivalent series reactance x (both from 10 mΩ with
a maximum resolution of 100 µΩ) at a very low magnetic flux density B, resulting in
negligible core losses. At high-frequencies f and high magnetic flux density B, the
measurements of the winding resistance Rw of inductors with core is a challenging
problem. This is because of the additional series core resistance Rc and parasitic
self-capacitance C. The measured first self-resonant frequency of the inductor was fr
= 915 kHz.
Figure 5.10(a) shows the measured (circles) and computed (continuous line) equiv-
alent series resistance r of the inductor as functions of frequency f . To compute the
equivalent series resistance r given by (5.36), the winding ac resistance Rw(litz), self-
resonant frequency fr, inductance as a function of frequency L(f), inductance at
resonant frequency Lfr , and inductor stray-capacitance C has to be determined. The
litz-wire winding resistance can be computed using (5.4). The first self-resonant fre-
quency was measured at zero phase of the inductor impedance and it was fr = 915
kHz. The inductance at the first self-resonant frequency was computed using the
88
10
2
10
3
10
4
10
5
10
6
10
7
10
−2
10
−1
10
0
10
1
10
2
10
3
10
4
f (Hz)
r 
(Ω
)
(a)
10
2
10
3
10
4
10
5
10
6
10
7
10
−2
10
−1
10
0
10
1
10
2
f (Hz)
 R
w
(li
tz
) (
Ω
)
(b)
Figure 5.10: Measured (circles) and computed (continuous line) equivalent series
resistance r and litz-wire winding ac resistance Rw(litz) as functions of frequency f .
(a) Equivalent series resistance r. (b) Litz-wire winding ac resistance Rw(litz).
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relationship
Lfr =
L
µ′rs(73kHz)
µ′rs(915kHz), (5.50)
where µ′rs(73kHz) = 2000 is the real part of series complex permeability of the core
material N27 [86] at a frequency of 73 kHz and µ′rs(915kHz) = 2300 is the real part of
series complex permeability of the core material N27 at the self-resonant frequency
fr = 915 kHz. The inductance of the inductor at the self-resonant frequency fr was
Lfr = 1.702 mH. Similarly, the inductance of the inductor as a function of frequency
can be estimated as
L(f) =
µ′rsL
µ′rs(73kHz)
, (5.51)
where µ′rs for the N27 material can be approximated by
µ′rs =
2000
√
[
1−
(
f
12×105
)2
]2
+
(
f
12×105
)2
for f ≤ 1.2 MHz. (5.52)
The stray-capacitance of the inductor is determined as
C =
1
ω2rLfr
=
1
(2× π × 915× 103)2 × 1.702× 10−3 = 17.776 pF. (5.53)
Computing the litz-wire winding ac resistance Rw from modified Dowell’s equation
(5.4) and using the component values calculated above, the equivalent series resistance
r was calculated from the real part of equation (5.36). It can be seen from Fig. 5.10(a)
that the theoretical equivalent series resistance r (ESR) calculated from (5.36) agrees
with the measured equivalent series resistance r of the inductor wound with a litz
wire.
Figure 5.10(b) shows the measured (circles) and computed (continuous line) litz-
wire winding ac resistance Rw(litz) as functions of frequency f . The measured winding
ac resistance Rw was calculated using (5.37) from measured equivalent series resis-
tance r. It can be seen that the theoretical winding ac resistance of the litz-wire
winding Rw(litz) given in (5.4) accurately tracks the measured winding ac resistance
of the litz-wire winding Rw.
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Figure 5.11: Measured (circles) and computed (continuous line) quality factor and
reactance factor of litz-wire inductor as functions of frequency f neglecting core losses.
(a) Quality factor QLRw = ωL/Rw(litz). (b) Reactance factor q = x/r.
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Figure 5.12: Plots of measured (circles) and computed litz-wire winding ac resistance
Rw(litz) as functions of frequency f described by modified Dowell’s equation in (5.4),
approximate Dowell’s equation in (5.22), and Sullivan’s equation in (5.54).
Figure 5.11 shows the measured (circles) and computed (continuous line) inductor
quality factor due to winding ac resistance QLRw defined in (5.39) and the reactance
factor q defined in (5.42) as functions of frequency f with subtracted core losses. The
measured inductor quality factor due to the winding ac resistance QLRw, was calcu-
lated using (5.39) from the measured winding resistance Rw and the inductance L as
a function of frequency given by (5.51). The measured inductor reactance factor was
obtained by substitution of the measured equivalent series resistance r and measured
equivalent series reactance x into (5.42).
Figure 5.12 compares the winding ac resistances of the litz-wire winding as a
function of frequency for three different methods: modified Dowell’s equation (5.4),
approximate Dowell’s equation (5.22), and Sullivan’s equation [38], [39]. Additionally,
the plot contains measured winding resistance (circles).
The Sullivan’s equation for the litz-wire ac-to-dc winding resistance ratio is given
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by [38], [39]
FR = 1 +
π2ω2µ20N
2k2d6str
768ρ2wb
2
c
. (5.54)
It can be seen that the model and modified Dowell’s equation in (5.4), proposed in
this chapter, accurately track the actual measured data for the litz-wire winding ac
resistance in a wide frequency range. The approximate Dowell’s equation given in
this chapter (5.22) for the winding ac resistance of the litz-wire winding also tracks
the measured data very well at low and medium frequency ranges. However, for the
high-frequency range, the approximation is not valid and the discrepancy between
the computed and measured data is large. On the other hand, Sullivan’s equation
underestimates the litz-wire winding ac resistance introducing a 31% error at inductor
operating frequency f = 73 kHz.
In this chapter, equation (5.54) is modified and expressed in terms of the effective
number of layers Nll and the porosity factor η
FR = 1 +
π2µ20ω
2η2N2lld
4
str
768ρ2w
= 1 +
π2η2N2ll
192
(
dstr
δw
)4
, (5.55)
where the porosity factor of the litz-wire model shown in Fig. 5.1
η =
dstr
p
=
dstr
dstr + 2t
, (5.56)
the number of strand turns per strand layer
Ntl =
ηbc
dstr
, (5.57)
the number of strand layers is
Nll =
hc
dstr + 2t
, (5.58)
Nk = NllNtl = Nll
ηbc
dstr
, (5.59)
t is the insulation thickness, and hc is the core winding window height. The litz-wire
winding ac resistance calculated from equation (5.55) is identical as that calculated
from approximate modified Dowell’s equation (5.22) and shown in Fig. 5.12.
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5.10 Conclusion
In this chapter, an approximate model and a modified Dowell’s equation for litz-
wire and multi-strand wire winding has been presented. The proposed model takes
into account the proximity effect between strands within a litz-wire bundle as well
as the proximity effect between the layers of the litz-wire bundles. The skin effect
is also taken into account. For this model, Dowell’s equation has been adapted,
resulting in the analytical expressions for the ac-to-dc winding resistance ratio FR(litz)
and winding ac resistance Rw(litz) of litz-wire windings. Additionally, the low and
medium frequency approximation of litz-wire ac-to-dc winding resistance ratio has
been given, expression for the litz-wire optimum strand diameter, and equation for
the number of strands in litz-wire bundle at which minimum winding resistance is
achieved has been derived. An example of a design procedure of litz-wire winding
inductor has been presented. The equation for the winding ac resistance Rw(litz) of
litz-wire winding has been experimentally verified. The predicted results were in good
agreement with the measured ones.
It has been shown that as the diameter of the strand decreases, the low-frequency
range increases, i.e., the range in which the winding ac resistance equals the winding
dc resistance. Moreover, an increase in the number of strands k in a litz-wire bundle
causes an increase of the frequency range where the ac resistance of litz-wire winding is
lower than the ac resistance of solid-round wire winding with the same cross-sectional
conductor area. Furthermore, it has been shown that for the litz-wire winding there
is an optimum frequency at which litz-wire winding ac resistance has a minimum
value. Additionally, for the very high-frequency operation, the litz-wire winding ac
resistance is greater compared to the solid-round wire winding with the same cross-
sectional conductor area.
In the chapter, the equations for the boundary frequency between low and medium-
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frequency ranges for the litz-wire winding and the solid-round wire windings have been
derived.
The following conclusions can be drawn from the analysis given in this chapter:
• The proposed approximate model and the modified Dowell’s equation for litz-
wire windings predicts the litz-wire winding resistance of the inductor.
• At the optimum strand diameter, the litz wire ac-to-dc winding resistance ratio
is FR(litz) = FRcr = 2.
• As the optimum strand diameter dstr(opt) increases, the required number of
strands in the bundle kcr to achieve the minimum winding ac resistance de-
creases.
• As the number of bundle layers Nl increases, dstr(opt)/δw decreases.
• As the number of strands in the bundle k increases, (d/δw)opt also increases.
• The minimum value of ζ = Rw(litz)/Rw(solid) decreases as the number of strands
k increases.
• For a fixed conductor cross-sectional area of the litz-wire bundle, the bound-
ary frequency between the low-frequency range and medium-frequency range
increases as the number of strands in the litz-wire bundle k increases.
• The boundary frequency of the litz-wire winding fB(litz) is approximately
√
k
times higher than that of the solid-round wire winding with the same conductor
cross-sectional area.
• As the number of layers Nl increases, (d/δw)B and (dstr/δw)B decrease.
• The ratio (dstr(opt)/δw)/(dstr/δw)B = 4
√
20 ≈ 2.1147.
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• There is a frequency range, where the litz-wire and solid-round wire winding
resistances with the same cross-sectional conductor area are the same. The
maximum frequency of this range is nearly equal to the boundary frequency of
the solid-round wire winding given by (5.15).
• There is a frequency range, where the litz-wire winding resistance is lower than
the solid-round wire winding resistance.
• For a given litz-wire winding, there is a frequency at which it becomes worse
than the solid-round wire winding with the same cross-sectional conductor area.
This may increase winding losses at harmonics in inductors and transformers
conducting currents with large harmonics, such as PWM converters, especially
in discontinuous conduction mode (DCM) [15], [16].
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6 Analytical Winding Foil Thickness Optimization
of Inductors Conducting Harmonic Currents
6.1 Introduction
This paper presents analytical winding power loss minimization of foil inductors con-
ducting ac harmonic currents with and without dc offset. The approximated equa-
tion for the ac winding power loss is derived and used to determine the optimum foil
thickness of inductors operating with multi-harmonic ac currents. An approximated
equation for the total winding power loss is also derived and used to determine the
optimum foil thickness of inductors operating with multi-harmonic ac currents super-
imposed on the dc current. The design procedure for inductors with minimum total
winding power loss is presented for a pulsewidth-modulated dc-dc boost converter op-
erating in discontinuous conduction mode (DCM). The theoretical predictions have
been verified by measurements of inductors with four different foil thicknesses.
Power loss in the winding of inductors play an important role in pulsewidth-
modulated dc-dc power converters, especially for those operated in discontinuous
conduction mode [2], [14], [15], [16], [18], [20], [21], [30], [71], and [76]. This is
because the winding loss increases due to increased harmonic content in the inductor
winding current. The ac power loss in the inductor winding is caused by two eddy-
current effects: the skin effect and the proximity effect [1]-[51], [56]-[64], [65]-[71],
[73]-[76], [78]-[84]. Both of these effects are frequency depended and their influence
on the winding ac resistance and the ac winding power loss increases as the current
frequency increases. Unfortunately, the content of harmonic currents in the inductor
winding cannot be reduced and, therefore, one solution to reduce inductor winding
power loss is to optimize the winding conductor size, taking into account inductor
current harmonics.
The winding dc resistance depends on the width and the thickness of the foil
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conductor. The larger are both dimensions the lower is the winding dc resistance.
The skin and proximity effects in foil inductors depend on the foil thickness and are
nearly independent of the foil width. Therefore, in the inductor design procedure, the
foil width can be selected to maintain the dc current density below a certain value,
typically, Jdc ≤ 5 A/mm2 [28], [14], and to fit the bobbin of the chosen core. The foil
thickness can be optimized to minimize ac winding loss or total dc and ac winding
losses.
The objectives of this paper are:
• to derive an expression for the optimum foil thickness in order to achieve the
minimum ac winding power loss of a foil inductor conducting ac harmonic cur-
rents;
• to derive an expression for the optimum foil thickness in order to achieve the
minimum total winding power loss of foil inductor conducting both dc and ac
harmonic currents;
• to derive approximate expressions for the ac winding power loss of foil inductors;
• to derive approximate expressions for the total winding power loss of foil induc-
tors;
• to present a design procedure for foil inductors with the optimum foil thickness
for PWM dc-dc boost converter operating in DCM;
• to verify experimentally the theoretical results.
6.2 Dowell’s Equation for Winding Resistance of Foil Induc-
tors at n-th Harmonic
The dc and low-frequency winding resistance of a foil inductor is given by
Rwdc =
ρwlw
Aw
=
ρwlw
bh
=
ρwlw
δwb
(
h
δw
) (6.1)
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where ρw = 1/σw is the resistivity of the winding conductor, b is the foil width, h
is the bare foil thickness, Aw = bh is the cross-sectional area of the foil, lw = NllT
is the foil winding conductor length, Nl is the number of foil layers, lT is the foil
mean turn length (MTL), δw is the skin depth of the winding conductor, and h/δw
is the normalized foil thickness. The skin depth of the winding conductor at the
fundamental frequency of the inductor current is given by
δw =
√
2
ωµ0σw
=
1√
πµ0σwf
=
√
ρw
πµ0f
. (6.2)
From Dowell’s equation, the exact ac-to-dc winding resistance ratio at the n-th
harmonic (where n = 1, 2, 3, ...) is [14], [15], [30]
FRn =
Rwn
Rwdc
=
√
n
(
h
δw
)[
sinh
(
2
√
n h
δw
)
+ sin
(
2
√
n h
δw
)
cosh
(
2
√
n h
δw
)
− cos
(
2
√
n h
δw
)
+
2(N2l − 1)
3
sinh
(√
n h
δw
)
− sin
(√
n h
δw
)
cosh
(√
n h
δw
)
+ cos
(√
n h
δw
)
]
for n = 1, 2, 3, ... . (6.3)
The winding ac resistance of the inductor at n-th harmonic is
Rwn = RwdcFRn =
ρwlw
bh
FRn. (6.4)
From Dowell’s equation, the exact expression for the normalized winding ac resis-
tance for the n-th harmonic at a fixed frequency of fundamental component, i.e., at
fixed δw, is
Frn =
FRn
h
δw
=
Rwn
(
ρw lw
bδw
) =
√
n
[
sinh
(
2
√
n h
δw
)
+ sin
(
2
√
n h
δw
)
cosh
(
2
√
n h
δw
)
− cos
(
2
√
n h
δw
)
+
2(N2l − 1)
3
sinh
(√
n h
δw
)
− sin
(√
n h
δw
)
cosh
(√
n h
δw
)
+ cos
(√
n h
δw
)
]
for n = 1, 2, 3, ... . (6.5)
Fig. 6.1 shows a 3-D plot of the normalized winding ac resistance Frn as a function
of the normalized foil thickness h/δw and the order of harmonic n for the ten-layer
foil copper inductor winding (Nl = 10) at a fixed frequency f . It can be seen that for
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Figure 6.1: 3D plot of normalized winding ac resistance Frn as a function of normalized
foil thickness h/δw and order of harmonic n for the ten-layer foil winding inductor
(Nl = 10) at a fixed frequency f .
each harmonic order n, the normalized winding ac resistance exhibit a minimum value
(valley) located at the optimum normalized foil thickness. As the order of harmonic
n increases, the optimum normalized foil thickness h/δw decreases, and the value of
the minimum normalized winding ac resistance increases.
6.3 Ac Power Loss in Foil Inductors
Let us assume that the current flowing through the foil inductor winding is the ac
current composed of many harmonics expressed by
il(t) =
∞
∑
n=1
Imn cos(nωt+ φn) =
√
2
∞
∑
n=1
In cos(nωt+ φn) (6.6)
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where Imn is the current amplitude of the n-th harmonic, In = Imn/
√
2 is the RMS
current of the n-th harmonic, ω = 2πf is the angular frequency, f is the frequency of
the fundamental, and φn is the phase of the n-th harmonic.
The foil ac winding power loss at fundamental and harmonics is given by
Pwac =
∞
∑
n=1
RwnI
2
n = I
2
1
∞
∑
n=1
β2nRwn (6.7)
or in terms of the normalized winding ac resistance is
Pwac =
ρwlwI
2
1
bδw
∞
∑
n=1
β2nFrn (6.8)
where the RMS ac current at the n-th harmonic normalized with respect to the
fundamental component is
βn =
In
I1
for n = 1, 2, 3, .... . (6.9)
6.4 Total Power Loss in Foil Inductors
The foil inductor current, which is composed of the ac current with many harmonics
il(t) superimposed on the dc component IL is expressed by
iL(t) = IL+ il(t) = IL+
∞
∑
n=1
Imn cos(nωt+φn) = IL+
√
2
∞
∑
n=1
In cos(nωt+φn). (6.10)
The dc winding power loss is given by
Pwdc = RwdcI
2
L. (6.11)
The total winding power loss due to the inductor current waveform iL(t) given in
(6.10) is expressed by
Pw = Pwdc + Pwac = RwdcI
2
L +
∞
∑
n=1
RwnI
2
n = RwdcI
2
L + I
2
L
∞
∑
n=1
γ2nRwn
= Pwdc + Pwdc
∞
∑
n=1
γ2n
Rwn
Rwdc
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= Pwdc(1 +
∞
∑
n=1
γ2nFRn) = PwdcFRh (6.12)
or in terms of the normalized winding ac resistance by
Pw =
ρwlwI
2
L
bδw


1
h
δw
+
∞
∑
n=1
γ2nFrn

 (6.13)
where the RMS ac current at the n-th harmonic normalized with respect to the dc
current is
γn =
In
IL
for n = 1, 2, 3, .... , (6.14)
and the ac-to-dc winding resistance ratio at the fundamental frequency and at har-
monic frequencies for a given amplitude spectrum of the inductor current waveform
is
FRh =
Pw
Pwdc
= 1 +
∞
∑
n=1
γ2nFRn. (6.15)
Fig. 6.2 shows a typical winding loss for the 15-layer copper foil inductor operating in
a pulsewidth-modulated dc-dc converter in discontinuous conduction mode at switch-
ing frequency fs = 50 kHz with 100 significant harmonics, for b = 10 mm, lT = 5.3
cm, the MOSFET on-duty cycle D = 0.865, the diode on-duty cycle D1 = 0.135, the
dc inductor current IL = 2.7435 A, the maximum inductor current ∆iL = 5.487 A,
and the current amplitudes for 100 harmonics computed using Fourier decomposition
shown in Appendix 9.3 eq. (9.27) and in [15]. Note that the minimum ac winding
loss occurs for the lower foil thickness than the minimum of the total winding loss.
It can be shown that as the number of significant harmonics in the current increases,
the minimum of ac winding loss and the minimum of total winding loss occur at the
lower foil thicknesses. In this case, where the winding conducts 100 significant har-
monics, the minimum of ac winding loss occurs at foil thickness approximately equal
to hopt(ac) ≈ 75 µm and the minimum of total winding loss at thickness hopt ≈ 103 µm.
However, for the same 15-layer foil winding inductor conducting the same dc current
IL = 2.7435 A and only fundamental component Im1 = 1.9592 A, the optimum foil
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Figure 6.2: Plots of Pwdc, Pwac, and Pw = Pwdc + Pwac as functions of foil thickness h
for 15-layer foil winding inductor.
thickness for the ac winding loss is approximately hopt(ac) ≈ 95 µm and the optimum
foil thickness for the total winding loss is hopt ≈ 137 µm. Therefore, optimization of
the foil thickness for the foil inductors conducting harmonic currents is required.
6.5 Low- andMedium-Frequency Approximation of theWind-
ing Ac Resistance For Foil Inductors
The analytical optimization of Dowell’s equation (6.5) leads to the transcendental
equation and, therefore, can only be solved numerically for Nl ≥ 2. Hence, Dow-
ell’s approximate equation will be used in this section to determine analytically the
optimum foil thickness for the windings conducting currents given in (6.6) and (6.10).
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Figure 6.3: The exact (continuous line) and approximate (dashed line) plots of nor-
malized winding ac resistance Fr1 and FrLMF (1) as a function of h/δw for the single-
layer inductor (Nl = 1).
For low and medium frequencies, the normalized winding ac resistance of the
inductor with any number of layers Nl and at the n-th harmonic can be approximated
by
FrLMF (n) =
RwLMF (n)
(
ρw lw
bδw
) =
FRLMF (n)
h
δw
=
1
h
δw
+
n2 (5N2l − 1)
45
(
h
δw
)3
(6.16)
where the detailed derivation is presented in the Appendix 9.2. Figs. 6.3, 6.4, 6.5,
and 6.6 show the exact (continuous line) and approximate (dashed line) plots of
normalized winding ac resistances Fr1 and Fr50 as functions of h/δw for the single-
layer inductor (Nl = 1) and for the ten-layer inductor (Nl = 10), respectively. It can
be seen that the approximation tracks the minimum of the exact normalized winding
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Figure 6.4: The exact (continuous line) and approximate (dashed line) plots of nor-
malized winding ac resistance Fr50 and FrLMF (50) as a function of h/δw for the single-
layer inductor (Nl = 1).
ac resistance Frn with high accuracy. Moreover, it can be seen that for the single-layer
inductors the normalized winding ac resistance, due to the skin effect, increases as the
order of harmonic for the inductor current increases. For the multi-layer inductors
the normalized winding ac resistance, due to the skin and proximity effects, increases
more rapid as the order of harmonic increases.
From (6.16), the approximate winding ac resistance at the n-th harmonic is
RwLMF (n) = FRLMF (n)Rwdc =
(
ρwlw
bδw
)[
1
h
δw
+
n2 (5N2l − 1)
45
(
h
δw
)3 ]
. (6.17)
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Figure 6.5: The exact (continuous line) and approximate (dashed line) plots of nor-
malized winding ac resistance Fr1 and FrLMF (1) as a function of h/δw for the ten-layer
inductor (Nl = 10).
6.6 Optimum Foil Thickness for Inductors Conducting Ac
Harmonic Currents
Substituting (6.16) into (6.8), the low- and medium-frequency approximate ac wind-
ing power loss that consists of ac harmonic winding power losses for an inductor
conducting current il(t) can be expressed as
Pwac ≈
ρwlwI
2
1
bδw
∞
∑
n=1
β2nFrLMF (n) =
ρwlwI
2
1
bδw
∞
∑
n=1
β2n


1
h
δw
+
n2 (5N2l − 1)
45
(
h
δw
)3

 . (6.18)
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Figure 6.6: The exact (continuous line) and approximate (dashed line) plots of nor-
malized winding ac resistance Fr50 and FrLMF (50) as a function of h/δw for the ten-layer
inductor (Nl = 10).
The minimum total winding power loss of an inductor may be found by taking the
derivative of (6.18) with respect to h/δw and equating the result to zero
1
ρwlwI21
bδw
dPwac
d
(
h
δw
) = −
∑
∞
n=1 β
2
n
(
h
δw
)2 +
(
h
δw
)2
(5N2l − 1)
15
(
∞
∑
n=1
β2nn
2
)
= 0. (6.19)
The solution of (6.19) produces the normalized optimum (valley) foil thickness of an
inductor conducting ac harmonic currents
hopt(ac)
δw
= 4
√
15
(5N2l − 1)
∑
∞
n=1 n
2
. (6.20)
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Hence, using (6.2) and (6.20), the optimum (valley) foil thickness of an inductor
conducting ac harmonic currents is expressed as
hopt(ac) = δw
4
√
15
(5N2l − 1)
∑
∞
n=1 n
2
=
√
ρw
πµ0f
4
√
15
(5N2l − 1)
∑
∞
n=1 n
2
. (6.21)
It can be seen that for the inductor conducting only ac harmonic currents the optimum
foil thickness is inversely proportional to the square root of frequency ∝ 1/√f , is
inversely proportional to the square root of number of layers ∝ 1/
√
Nl, and depends
on number of harmonics n flowing through the winding.
6.7 Optimum Foil Thickness for Inductors With Dc and Ac
Harmonic Currents
Substituting (6.16) into (6.13), the low- and medium-frequency approximate total
winding power loss that consists of dc and ac harmonics winding power loss for an
inductor conducting current iL(t) can be expressed as
Pw ≈
ρwlwI
2
L
bδw


1
h
δw
+
∞
∑
n=1
γ2nFrLMF (n)

 =
ρwlwI
2
L
bδw



1
h
δw
+
∞
∑
n=1
γ2n


1
h
δw
+
n2 (5N2l − 1)
45
(
h
δw
)3





. (6.22)
The minimum total winding power loss of an inductor may be found by taking the
derivative of (6.22) with respect to h/δw and equating the result to zero
1
ρwlwI2L
bδw
dPw
d
(
h
δw
) = − 1
(
h
δw
)2
(
1 +
∞
∑
n=1
γ2n
)
+
(
h
δw
)2
(5N2l − 1)
15
(
∞
∑
n=1
γ2nn
2
)
= 0. (6.23)
The solution of (7.17) produces the normalized optimum (valley) foil thickness of an
inductor conducting the dc current and ac harmonic currents
hopt
δw
= 4
√
√
√
√
15(1 +
∑
∞
n=1 γ
2
n)
(5N2l − 1)
∑
∞
n=1 γ
2
nn
2
. (6.24)
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Figure 6.7: Lumped-parameter equivalent circuit of the foil inductor.
Hence, using (6.2) and (6.24), the optimum (valley) foil thickness of an inductor
operating under dc and ac harmonic currents is expressed as
hopt = δw
4
√
√
√
√
15(1 +
∑
∞
n=1 γ
2
n)
(5N2l − 1)
∑
∞
n=1 γ
2
nn
2
=
√
ρw
πµ0f
4
√
√
√
√
15(1 +
∑
∞
n=1 γ
2
n)
(5N2l − 1)
∑
∞
n=1 γ
2
nn
2
. (6.25)
It can be seen that for the foil inductor conducting dc and ac harmonic currents,
the optimum foil thickness is inversely proportional to the square root of frequency
∝ 1/
√
f , is inversely proportional to the square root of the number of layers ∝ 1/
√
Nl,
depends on the number of harmonic currents, and depends on the RMS ac current of
n-th harmonic normalized with respect to the dc current i.e, depends on γn.
6.8 Model of Foil Inductors
A lumped-parameter model of the foil inductor, valid for dc and ac currents, is de-
picted in Fig. 6.7. The model of the inductor consists of self-inductance L, winding
ac resistance Rw, series core resistance Rc, and parasitic self-capacitance or a stray
capacitance Cs. In reality L, Rw, and Rc are frequency dependent. However, in the
subsequent analysis, the series core resistance is neglected (Rc = 0). This is because
the core loss is very low at low values of magnetic flux density B, at which the induc-
tor is measured. The impedance of the equivalent inductor circuit depicted in Fig.
6.7 is [4], [23], [22], [25], [14], [72]
Z =
Rs + jωL [1− ω2LCs − (CsR2s/L)]
(1− ω2LCs)2 + (ωCsRs)2
= r + jx (6.26)
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where Rs = Rc+Rw, r is the equivalent series resistance ESR, and x is the equivalent
series reactance. Since CsR
2
s/L ≪ 1 [23], the first parallel self-resonant frequency of
the inductor model occurs when the equivalent series reactance x is equal to zero and
is given by
fr =
1
2π
√
LCs
. (6.27)
For frequencies below the first self-resonant frequency, the impedance of the inductor
is inductive. For frequencies above the first self-resonant frequency, the impedance of
the inductor is capacitive and the currents are shorted out. Thus, the useful frequency
range of inductors is from dc to 0.25fr ≤ fmax ≤ 0.45fr.
Using (7.43), the ESR of inductor is
r =
Rs
(1− ω2LCs)2 + (ωCsRs)2
(6.28)
and the winding ac resistance neglecting core loss (Rc = 0) is
Rw = Rs
∣
∣
∣
∣
Rc=0
=
1−
√
1− 4ω2r2C2s (1− ω2LCs)2
2rω2C2s
. (6.29)
6.9 Design Example of Inductor with Optimum Foil Winding
Thickness and Minimum Power Loss
In this section, a design procedure of an inductor with optimized foil thickness and
minimum total winding power loss is given. The inductor operated in pulsewidth-
modulated dc-dc boost converter in discontinuous conduction mode (DCM). The
specifications of the converter were as follows: the converter input voltage VI = 10 V,
the converter output voltage VO = 70 V, the converter switching frequency fs = 50
kHz, the dwell-duty cycle Dw = 0.05. For these parameters, the converter output
current, load resistance, dc voltage transfer function, and the dc inductor current are
IO =
PO
VO
=
30
70
= 0.4286 A, (6.30)
RL =
VO
IO
=
70
0.4286
= 163.33 Ω, (6.31)
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MV DC =
VO
VI
=
70
10
= 10, (6.32)
IL = IOMV DC = 3 A, (6.33)
respectively. Assuming converter efficiency ηc = 90%, the inductance of the converter,
the MOSFET on-duty cycle, and the diode on-duty cycle are [14]
L =
ηcRL(MV DC − 1)(1−Dw)2
2fsM3V DC
= 23.21 µH, (6.34)
D =
√
2fsLMV DC(MV DC−1)
ηcRL
= 0.8143, (6.35)
D1 =
D
MV DC − 1
= 0.1357, (6.36)
respectively. The maximum inductor current is
∆iL =
DVO
fsLMV DC
= 7.02 A (6.37)
and the energy stored in the inductor magnetic field is
Wm =
1
2
∆i2LL = 0.571 mJ. (6.38)
The core selection was based on the core area product method [28], [14]. Assuming
the core window utilization factor Ku = 0.4, the maximum magnitude of the current
density in the foil Jm(max) = 5 A/mm
2, and the peak value of the magnetic flux
Bpk = 0.2 mT the minimum Ap product of the core is
Ap =
2Wm
KuJmBpk
= 0.286 cm4. (6.39)
For the designed inductor, the Magnetics Inc. 0R42616 ferrite gapped pot core and
the 00B261601 bobbin were selected. The core area product is Ap = 0.39 cm
4 and
the gap length is lg = 800 µm. The initial permeability of the core material is
µr = 2300 ± 25%, the mean turn length (MTL) is lT = 5.3 cm, and the breadth of
the bobbin is b = 9.93 mm. The required number of turns for the foil winding is
N = Nl =
√
√
√
√
L
(
lg +
lc
µrc
)
µ0Ac
= 12.76 ≈ 13 (6.40)
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and the total length of the foil is lw = NlT = 0.689 m.
Using (9.27), (9.25), (9.26), and (6.14) the RMS ac currents of the n-th harmonic
normalized with respect to the dc current was computed for 100 harmonics (n = 100).
Using (6.25), the optimum foil thickness at which the minimum of total winding power
loss occurs is hopt ≈ 120 µm.
6.10 Experimental Results
To verify the total power loss and the optimum foil thickness, four inductors used
in pulse-width modulated dc-dc boost converter with a different foil thicknesses were
wind and measured. The measurements of the equivalent series resistance ESR r were
performed for four thicknesses of the foil winding conductor h1 = 50 µm, h2 = 100 µm,
h3 = 120 µm, h4 = 220 µm. The thickness of the foil insulation on each side of the
foil sheet was t = 25 µm.
The inductors were measured using Hewlett Packard (HP) 4194A impedance/gain-
phase analyzer with HP 16047D test fixture. The inductances of the four inductors
were L = 20 µH, resonant frequencies were fr ≈ 10.38 MHz, the inductances at the
resonant frequency Lfr = 1.86 µH, and self-capacitances were Cs = 126 pF.
Fig. 6.8 shows the actual and theoretical total power winding losses for the de-
signed pulse-width modulated dc-dc boost converter taking into account the first 100
harmonic currents. It can be seen that the total winding loss for the foil thickness
h3 = hopt = 120 µm was the lowest one.
6.11 Conclusion
In this paper, the minimization of the ac winding power loss and the total winding loss
has been performed. Equations for optimum foil winding thickness conducting har-
monic currents and optimum foil winding thickness conducting harmonic currents su-
perimposed on the dc component have been derived. The low- and medium-frequency
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Figure 6.8: Plots of actual (circles) and exact (solid line) total winding power losses
as functions of foil thickness h.
approximation of the normalized winding ac resistance has been used for ac winding
power loss and total winding power loss optimizations. It has been shown that the
optimum foil thickness for the foil inductor conducting only ac harmonic currents is
lower than that conducting the same ac harmonic current superimposed on the dc
component.
The design of the optimum foil thickness inductor winding has been shown for the
pulse-width modulated dc-dc converter in the discontinuous conduction mode. The
presented theory has been verified with measurements. The theoretical results were
in agreement with the measurements.
The major conclusions drawn from the analysis performed in this paper are as
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follows:
• The minimum of the ac winding loss of an inductor conducting only fundamental
component occurs at a higher foil thickness than the minimum of the ac winding
loss of inductor conducting multi-harmonic current;
• The minimum of the total winding loss of an inductor conducting only dc and
fundamental components occurs at a higher foil thickness than the minimum of
the total winding loss of inductor conducting dc and multi-harmonic currents;
• The minimum value of total dc and ac winding power losses occur at a larger
foil thickness than the minimum of the winding ac power loss.
• The optimum foil thickness at which the minimum of the ac winding loss occurs
depends on the number of inductor winding layers Nl and it decreases as the
number of layers increases.
• The optimum foil thickness at which the minimum of the total winding loss
occurs depends on the number of inductor winding layers Nl and it decreases
as the number of layers increases.
• The optimum foil thicknesses at which the minimum of the ac winding loss
occurs depends on the number of significant harmonic of the current il(t) and
it decreases as n increases.
• The optimum foil thicknesses at which the minimum of the total dc and ac
harmonic winding losses occur depend on the number of significant harmonic
of the current iL(t) and it decrease as n increases.
• As the RMS ac current of the n-th harmonic normalized with respect to the dc
current γn decreases, the optimum foil thickness at which the minimum of the
total winding loss occurs increases.
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• As the number of significant harmonics n flowing through the winding increases,
the winding ac power loss and the total winding loss increases.
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7 Analytical Optimization of Solid-Round-WireWind-
ings Conducting Dc and Ac Non-Sinusoidal Pe-
riodic Currents
In the age of a constant improvement and development of new wide bandgap semicon-
ductor devices such as silicon carbide (SiC) and gallium nitride (GaN), the problem of
low efficiency at high frequencies of the switching-mode power converters due to the
conduction and switching losses becomes less significant. This is mainly because these
devices characterize with a low gate capacitance and low on-resistance, which permits
much higher switching frequencies and much lower losses than those in competing sil-
icon devices. However, improved performance of semiconductor devices eventually
will not solve the problem of low efficiency in switching-mode power converters.
Accompanying losses in semiconductor devices for the switching-mode power con-
verters are losses in magnetic devices [1]-[84]. Increased operating frequencies and
high values of both the dc and ac non-sinusoidal periodic currents flowing through
the inductor or transformer windings become a significant problem [14]-[30]. The
results of these studies show that power losses in magnetic device windings may be
similar or sometimes even greater, especially at high frequencies, than the losses in
semiconductor devices.
The winding power losses of power inductors or power transformers operating
in switching-mode dc-dc power converters are composed of the dc loss and the ac
loss. The winding dc power loss is caused by the flow of the dc current through the
winding. A reduction in the winding dc power loss can be achieved by increasing the
cross-sectional area of the winding conductor. The ac winding power loss of power
inductors or power transformers is a result of the superposition of two self-induced
eddy-current density distributions. The self-induced distributions of eddy-current
densities are caused by two orthogonal effects: the skin effect and the proximity
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effect. The aforementioned effects are greatly dependent on the winding conductor
size thickness or diameter. One method to diminish their influence on the winding
resistance and the winding power loss as well as to increase efficiency of a magnetic
component is to optimize the size of winding conductors. However, for the winding
conducting dc and ac non-sinusoidal periodic currents, the optimum does not always
exist. This is because at high values of the dc current the main winding power loss is
often the winding dc power loss.
In general, inductor current waveforms are non-symmetrical, which means that the
MOSFET on-duty cycle D is different than the diode on-duty cycle D1, i.e., D 6= D1.
One of the contributions of this chapter is the minimization of total winding power
loss for PWM dc-dc converters operated in discontinuous conduction mode where the
inductor current waveform is non-symmetrical. This subject of practical importance
has not been addressed yet in the literature.
Different kinds of winding conductors such as foil, strip (rectangular), square-
wire, solid-round wire, and litz-wire are used in high-frequency magnetic devices.
Their application depends on the electrical, mechanical, and thermal requirements
of a designed magnetic component. The behavior of the winding resistance and the
winding total power loss for the foil and strip wire windings, conducting sinusoidal
or multi-harmonic currents with dc offset, is different than that of the square, solid-
round, and litz-wire windings [14]. Solid-round-wire winding inductors are widely
used in PWM dc-dc power converters, resonant power converters, resonant inverters,
EMI filters, and magnetic sensors. The main advantage of solid-round-wire windings
is low cost.
The purposes of this work are:
• to show the relationship among the fundamental current, the dc current, and
the number of layers for which the local minimum of the total dc and ac solid-
round-wire winding losses exists;
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• to derive an expression for the normalized total-power-valley wire diameter of
the solid-round-wire windings, where the local minimum of the winding dc and
ac power losses (valley) occurs;
• to derive an expression for the normalized total-power-critical wire diameter of
the solid-round-wire windings (greater than the normalized total-power-valley
wire diameter), where the winding dc and ac power losses are equal to the
winding dc and ac power losses at the local minimum (valley);
• to present the design procedure of the inductor optimized for the minimum of
winding dc and ac power losses for the PWM dc-dc buck converter operating
in discontinuous conduction mode (DCM);
• to verify the optimization by measurements.
The chapter is arranged in the following order. Section 7.1 derives equation for
the winding power loss of the inductor conducting ac non-sinusoidal periodic current
superimposed on the dc component. The behavior of the dc, ac, and total inductor
winding losses in terms of the solid-round wire diameter for the PWM dc-dc buck
converter in discontinuous conduction mode (DCM) is also presented. Section 7.2
gives Dowell’s equation for the ac-to-dc winding resistance ratio at the n-th harmonic
frequency for the solid-round-wire winding. Additionally, equation for the normal-
ized ac resistance of the solid-round-wire winding at the n-th harmonic frequency is
derived. In Section 7.3, the low- and medium-frequency approximations of Dowell’s
equation and normalized ac resistance at n-th harmonic frequency are given. The ap-
proximated equation for the normalized winding ac resistance of the solid-round-wire
winding at the n-th harmonic frequency is used to derive an equation for the low- and
medium-frequency total winding power losses for the winding conducting both the
dc and ac non-sinusoidal periodic currents. Moreover, derivation of the normalized
total-power-valley wire diameter and the local minimum (valley) of the total winding
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power losses are shown. Section 7.4 concerns high-frequency approximations of Dow-
ell’s equation and normalized winding ac resistance at the n-th harmonic frequency.
The approximate Dowell’s equation is used to derive the approximate equation for
the high-frequency total winding power loss of the winding conducting dc and ac
non-sinusoidal periodic currents. The approximate equation for high-frequency total
winding power loss along with the expression for the local minimum of total winding
power loss are used to derive the normalized total-power-critical wire diameter. In
Section 7.5, the procedure for the inductor design for the PWM dc-dc buck converter
operating in DCM, with the local minimum of total winding power loss is presented.
Core and winding selection steps are also shown. In Section 7.6, experimental verifi-
cation of the presented theory and comparison of total winding loss of three inductors
wind with different wire gauge are carried out. Ultimately, Section 7.7 draws conclu-
sions.
7.1 Winding Power Loss in Solid-Round-Windings Due to
Dc and Ac Harmonic Currents
The time-varying inductor current consisting of an ac non-sinusoidal periodic current
il(t) superimposed on the dc component IDC is given by
iL(t) = IDC + il(t) = IDC +
∞
∑
n=0
ILmn sin(nωt+ φn)
= IDC +
√
2
∞
∑
n=0
In sin(nωt+ φn) for n = 1, 2, 3, ..., (7.1)
where ILmn is the amplitude of the n-th harmonic current, In = ILmn/
√
2 is the RMS
value of the n-th harmonic current, ω = 2πf is the angular frequency of the inductor
current, f is the frequency of the ac current fundamental component, and φn is the
phase shift of the n-th harmonic current.
The solid-round-wire winding dc resistance is given by
Rwdc =
4ρwlw
πd2
=
4ρwlw
πδ2w
(
d
δw
)2 , (7.2)
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where d is the diameter of the bare round wire, lw = NlT is the total conductor
length, N = NlNlt is the number of turns, Nl is the number of layers, Nlt is the
number of turns per layer, lT is the mean turn length (MTL), ρw = 1/σw is the
conductor resistivity, δw is the conductor skin depth expressed as
δw =
√
2
µ0σwω
=
1√
πµ0σwf
=
√
ρw
πµ0f
, (7.3)
and µ0 is the free-space permeability.
The total winding power loss due to the current iL(t) flow is
Pw = Pwdc + Pwac = RwdcI
2
DC +
∞
∑
n=1
RwnI
2
n = RwdcI
2
DC +
∞
∑
n=1
Rwnγ
2
nI
2
DC
= Pwdc +
∞
∑
n=1
γ2nFRnPwdc = Pwdc
(
1 +
∞
∑
n=1
FRnγ
2
n
)
=
4ρwlwI
2
DC
πδ2w



1
(
d
δw
)2 +
∞
∑
n=1
γ2nFrn


 ,
(7.4)
where the winding dc power loss is
Pwdc = RwdcI
2
DC =
4ρwlw
πd2
I2DC , (7.5)
Rwn is the winding ac resistance at n-th harmonic frequency
Rwn =
4ρwlw
πd2
FRn = RwdcFRn, (7.6)
the winding ac power loss is given by
Pwac =
∞
∑
n=1
RwnI
2
n, (7.7)
FRn = Rwn/Rwdc is the ac-to-dc winding resistance ratio at the fundamental (n = 1)
and at the n-th harmonic frequency (where n = 2, 3, 4, ...) [14], the RMS ac current
at the n-th harmonic frequency normalized with respect to the dc current is
γn =
In
IDC
=
ILmn√
2IDC
for n = 1, 2, 3, ..., (7.8)
and Frn = FRn/(d/δw)
2 is the normalized winding ac resistance at the fundamental
(n = 1) and at the n-th harmonic frequency (where n = 2, 3, 4, ...). Fig. 7.1 shows the
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Figure 7.1: Plots of Pw, Pwac, and Pwdc as functions of the solid-round wire diam-
eter d for the eight-layer inductor (Nl = 8) of the PWM dc-dc buck converter in
discontinuous conduction mode at switching frequency fs = 100 kHz and with 100
harmonics.
total winding power loss Pw, winding ac power loss Pwac, and winding dc power loss
Pwdc as functions of the bare solid-round wire diameter d for the inductor operating in
PWM dc-dc buck converter in discontinuous conduction mode (DCM). The inductor
parameters were: the MTL lT = 5.3 cm, the number of turns N = 47, the number
of layers Nl = 8, and the porosity factor η = d/p = 0.9, where p is the distance
between the centres of the adjacent conductors in a layer . Dowell’s equation [2],
[15] was used to compute the ac-to-dc winding resistance ratio for 100 harmonics.
The PWM dc-dc buck converter parameters were: the switching frequency fs = 100
kHz, the maximum inductor current ILmax = ∆iLmax = 1.3785 A, the MOSFET
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on-duty cycle D = 0.1265, and the diode on-duty cycle D1 = 0.3735. Eq. (21)
given in [15] was used to compute the amplitudes of the fundamental component and
100 harmonics of inductor current waveform and eq. (7.8) to compute the RMS ac
currents at the n-th harmonic frequency normalized with respect to the dc current for
100 harmonics. It can be seen that the winding dc power loss decreases as the wire
diameter increases. This is because, according to (7.5), the winding dc loss is inversely
proportional to d2. As the wire diameter increases, the winding ac power loss Pwac
first decreases, reaches a local minimum, then increases, reaches a local maximum,
and finally decreases. As the wire diameter increases, the total winding power loss
Pw, which is the sum of winding dc and ac power losses, first decreases, reaches a
local minimum, then increases, reaches a local maximum, and finally decreases. The
diameter of the wire at which the local minimum of the total winding loss Pw occurs
is called the total-power-valley diameter dvt. Observe that the local minimum of the
total winding power loss occurs for the larger wire diameter than the local minimum
of the winding ac power loss. However, the local minimum of the total winding power
loss does not always exists.
7.2 Dowell’s Equation of Solid-Round-Wire Windings For
Harmonics
One-dimensional model of the inductor and transformer windings was used by Dowell
[2] to derive an equation for the winding resistance of the high-frequency magnetic
components utilizing Maxwell’s equations. The main assumption in his derivation
is that the winding consists of straight parallel foil conductors. As a result, the
magnetic field is everywhere parallel to the conducting layers. The curvature, edge,
and end effects are neglected. This equation takes into account both the skin and
proximity effects. Dowell’s equation derived for foil conductor was adapted to other
shapes of winding conductors, such as rectangular, square, and round conductors. In
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reality, the magnetic field exhibits also perpendicular or circumferential component
in addition to the parallel component, whose distribution requires a 2-D analysis.
The magnitude of the perpendicular component depends on many factors such as the
distance between the turns, the actual geometry of the winding, the distance between
the layers, and the number of layers and turns.
From Dowell’s equation, the ac-to-dc winding resistance ratio for the solid-round-
wire winding at the n-th harmonic frequency is [14], [15], [16], [30]
FRn =
Rwn
Rwdc
=
√
nA
[
sinh (2
√
nA) + sin (2
√
nA)
cosh (2
√
nA)− cos (2√nA)+
2(N2l − 1)
3
sinh (
√
nA)− sin (√nA)
cosh (
√
nA) + cos (
√
nA)
]
(7.9)
where the variable A (which is the effective diameter of the solid-round-wire winding)
is given by [14]
A =
(
π
4
)0.75 d
δw
√
η. (7.10)
Fig. 7.2 shows FR5, Rw5, and Rwdc of the solid-round-wire winding at 5-th harmonic
frequency as functions of d for the eight-layer inductor (Nl = 8), the fundamental
frequency f = 100 kHz, the length of the round wire lw = 8 m, and the porosity
factor η = d/p = 0.9. Observe that the winding ac resistance at the 5-th harmonic
frequency Rw5 = FR5Rwdc has a local minimum. It can be shown that as the number
of harmonic n increases, the local minimum of the winding ac resistance occurs at
lower solid-round wire diameter d. Note that the winding ac resistance always exhibit
a local minimum.
The expression for the normalized winding ac resistance at the n-th harmonic
frequency determined from Dowell’s equation (at a fixed frequency of fundamental
component, i.e., at a fixed δw) is
Frn =
FRn
(
d
δw
)2 =
Rwn
4ρwlw
πδ2w
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Figure 7.2: Plots of FR5, Rw5, and Rwdc of the solid-round-wire winding at 5-th
harmonic frequency as functions of solid-round wire diameter d for the eight-layer
inductor (Nl = 8), the fundamental frequency f = 100 kHz, the length of the round
wire lw = 8 m, and the porosity factor η = d/p = 0.9.
=
(
π
4
)0.75√
nη
d
δw
[
sinh (2
√
nA) + sin (2
√
nA)
cosh (2
√
nA)− cos (2√nA) +
2(N2l − 1)
3
sinh (
√
nA)− sin (√nA)
cosh (
√
nA) + cos (
√
nA)
]
.
(7.11)
Fig. 7.3 shows the normalized ac resistance at the n-th harmonic frequency Frn of
the solid-round-wire winding as a function of d for the eight-layer inductor (Nl = 8)
at the fundamental frequency f = 100 kHz (n = 1), the higher harmonic order
n = 5, 20, 50, 100, and the porosity factor η = d/p = 0.9. Observe that as the
wire diameter of the inductor increases, the normalized winding ac resistance Frn
first decreases, reaches a local minimum, then increases, reaches a local maximum,
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Figure 7.3: Normalized winding ac resistance at the n-th harmonic frequency Frn of
the solid-round-wire winding as a function of d for the eight-layer inductor (Nl = 8)
at fundamental frequency f = 100 kHz (n = 1), the higher harmonic order n =
5, 20, 50, 100, and the porosity factor η = d/p = 0.9.
and finally decreases. It can be seen that the normalized winding ac resistance at
the n-th harmonic frequency increases as the order of the harmonic current increases.
Note also that for different harmonic orders, the normalized winding ac resistance of
the multi-layer inductor exhibits a local minimum at different wire diameters.
Even though Dowell’s equation describes the winding resistance for the n-th har-
monic in a wide frequency range taking into account skin and proximity effects, it is
impossible to use it in analytical optimization of total winding power loss. This is
because Dowell’s equation contains trigonometric and hyperbolic functions. There-
fore, to perform analytical optimization, the approximations of (7.11) are used in the
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subsequent sections.
7.3 Low- and Medium-Frequency Approximation of Dowell’s
Equation for Harmonics
For low and medium frequencies, the ac-to-dc winding resistance ratio of the solid-
round wire inductor winding at the n-th harmonic frequency can be approximated by
(Appendix 9.4)
FRLMFn =
Rwn
Rwdc
= 1 +
n2(5N2l − 1)
45
A4 = 1 +
(
π
4
)3
η2n2(5N2l − 1)
45
(
d
δw
)4
. (7.12)
Fig. 7.4 shows plots of a Dowell’s ac-to-dc winding resistance ratio FR5 and low- and
medium-frequency approximation FRLMF5 at 5-th harmonic frequency as functions
of effective solid-round wire diameter A for the eight-layer inductor (Nl = 8) at the
porosity factor η = 0.9. It can be seen that the approximation of the Dowell’s ac-to-
dc winding resistance ratio for the eight-layer inductor (Nl = 8) is valid at low- and
medium-frequency range.
The approximate normalized winding ac resistance of the solid-round wire inductor
winding with any number of layers Nl and for the n-th harmonic is given by
FrLMFn =
FRLMFn
(
d
δw
)2 =
1
(
d
δw
)2 +
(
π
4
)3
η2n2(5N2l − 1)
45
(
d
δw
)2
. (7.13)
Fig. 7.5 shows plots of Dowell’s normalized winding ac resistance Fr5 in (7.11) and
low- and medium-frequency approximation FrLMF5 in (7.13) at 5-th harmonic fre-
quency as functions of effective solid-round wire diameter A for the eight-layer in-
ductor (Nl = 8) at the porosity factor η = 0.9. Assuming a constant skin depth δw,
i.e., a constant frequency, the approximate normalized solid-round-wire winding ac
resistance FrLMF5 at the n-th harmonic frequency (n = 5) decreases with increasing
wire diameter, reaches a local minimum value, and then increases. Observe that the
approximation captures the minimum of Dowell’s normalized winding ac resistance
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Figure 7.4: Plots of FR5, FRLMF5, and FRHF5 as functions of A for the eight-layer
inductor (Nl = 8) and the porosity factor η = d/p = 0.9.
with very high accuracy. The derived eq. (7.13) is used in total winding power loss
minimization.
Substituting (7.13) into (7.4), one obtains the approximate total winding power
loss for the multi-layer solid-round-wire winding inductors conducting both the dc
and ac non-sinusoidal periodic currents
Pw =
4ρwlwI
2
DC
πδ2w



1
(
d
δw
)2 +
∞
∑
n=1
γ2nFrn



≈ 4ρwlwI
2
DC
πδ2w





1
(
d
δw
)2 +
∞
∑
n=1
γ2n



1
(
d
δw
)2 +
(
π
4
)3
n2η2(5N2l − 1)d2
45δ2w








. (7.14)
Hence, the normalized total winding power loss of the multi-layer solid-round-wire
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Figure 7.5: Plots of Fr5, FrLMF5, and FrHF5 as functions of A for the eight-layer
inductor (Nl = 8) and the porosity factor η = d/p = 0.9.
windings at a fixed frequency (i.e., a fixed δw) can be written as
Pwnor =
Pw
4ρw lwI2DC
πδ2w
=
Pw
Pδ
=
1
(
d
δw
)2 +
∞
∑
n=1
γ2nFrn
≈ 1
(
d
δw
)2 +
∞
∑
n=1
γ2n



1
(
d
δw
)2 +
(
π
4
)3
n2η2(5N2l − 1)
45
(
d
δw
)2


 (7.15)
where the dc power loss of the solid-round wire winding of the conductor diameter
δw is
Pδ =
4ρwlwI
2
DC
πδ2w
. (7.16)
The optimization of the multi-layer solid-round-wire windings at a fixed frequency
(i.e., a fixed δw) can be achieved by taking the derivative of (7.15) with respect to
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d/δw and equating the result to zero
dPwnor
d
(
d
δw
) = − 1
(
d
δw
)3
(
1 +
∞
∑
n=1
γ2n
)
+
(
π
4
)3
η2(5N2l − 1)
45
(
d
δw
)
∞
∑
n=1
n2γ2n = 0. (7.17)
Solution of this equation produces the normalized total-power-valley diameter of a
solid-round-wire winding at which the local minimum of total winding power loss for
the multi-layer inductor operating under dc and ac non-sinusoidal periodic currents
occurs
dvt
δw
=
1
(
π
4
)0.75√
η
4
√
√
√
√
45(1 +
∑
∞
n=1 γ
2
n)
(5N2l − 1)
∑
∞
n=1 n
2γ2n
= kokw (7.18)
where the normalized solid-round wire valley diameter of the winding conducting only
the fundamental component of the inductor current is [84]
ko =
dv
δw
=
1
(
π
4
)0.75√
η
4
√
45
(5N2l − 1)
(7.19)
dv is the valley diameter of the solid-round-wire winding [84], and the inductor current
waveform factor is
kw =
4
√
√
√
√
1 +
∑
∞
n=1 γ
2
n
∑
∞
n=1 n
2γ2n
. (7.20)
As the number of layers Nl increases, the normalized total-power-valley wire diam-
eter decreases. Moreover, the normalized total-power-valley wire diameter increases
as the RMS ac current at the n-th harmonic frequency normalized with respect to
the dc current γn decreases. It can be shown that the normalized total-power-valley
wire diameter decreases as the number of significant harmonic currents increases.
Substituting (7.18) into (7.12), and the obtained result into (7.4), one obtains
the total winding power loss at the local minimum (valley) for the solid-round-wire
windings
Pwvt = Pwdc
(
1 +
∞
∑
n=1
FRnγ
2
n
)
= Pwdc
[
1 +
∞
∑
n=1
γ2n
(
1 +
(
π
4
)3
η2n2(5N2l − 1)
45
45(1 +
∑
∞
n=1 γ
2
n)
(
π
4
)3
η2(5N2l − 1)
∑
∞
n=1 n
2γ2n
)]
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= 2Pwdc
(
1 +
∞
∑
n=1
γ2n
)
=
ηρwlwI
2
DC
δ2w
√
(5N2l − 1)
∑
∞
n=1 n
2γ2n(1 +
∑
∞
n=1 γ
2
n)
45π
. (7.21)
In general, the local minimum of the total winding power loss Pwvt depends on the
dc current and the RMS ac current at the n-th harmonic frequency normalized with
respect to the dc current γ2n = (In/IDC)
2. In particular, the local minimum of the
total power loss Pwvt is proportional to the square of the dc current I
2
DC , the number
of layers Nl, the length of the winding conductor lw, and the skin depth of the winding
conductor.
When the dc current is much grater than the RMS of the fundamental, the local
minimum (valley) of the total winding power loss does not exists and the total winding
power loss is approximately equal to the winding dc power loss. This situation is
typical for PWM dc-dc converters operating in continuous conduction mode CCM.
When the dc current is approximately equal or smaller than the fundamental the local
minimum (valley) exists and it depends on the number of layers Nl. This situation is
typical for PWM dc-dc converters operating in discontinuous conduction mode DCM.
Using the least square mean method [85], the minimum value of the fundamental
RMS ac current normalized with respect to the dc current above which the local
optimum of the total winding power loss exists is given by
γ1(min) =
I1
IDC
=
4.9782
N4l
+ 0.0233. (7.22)
7.4 High-Frequency Approximation of Dowell’s Equation for
Harmonics
The approximate Dowell’s equation for the solid-round-wire windings for the n-th
harmonic at high frequencies is given by (Appendix 9.5)
FRHFn =
Rwn
Rwdc
=
√
nA
(2N2l + 1)
3
=
(
π
4
)0.75
√
ηn(2N2l + 1)
3
d
δw
. (7.23)
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The high-frequency normalized winding ac resistance of the solid-round-wire winding
at n-th harmonic frequency is
FrHFn =
FrHFn
(
d
δw
)2 =
(
π
4
)0.75
√
ηn(2N2l + 1)
3
(
δw
d
)
. (7.24)
Fig. 7.4 shows plots of Dowell’s ac-to-dc winding resistance ratio FR5 and high-
frequency approximation FRHF5 at 5-th harmonic frequency as functions of effective
solid-round wire diameter A for the eight-layer inductor (Nl = 8) at the porosity
factor η = d/p = 0.9. It can be seen that approximation of the Dowell’s ac-to-dc
resistance ratio for the eight-layer inductor (Nl = 8) is valid at high-frequency range,
where the Dowell’s ac-to-dc winding resistance ratio is proportional to d.
Fig. 7.5 shows plots of Dowell’s normalized winding ac resistance Fr5 in (7.11) and
high-frequency normalized winding ac resistance at 5-th harmonic frequency FrHF5 as
functions of effective solid-round wire diameter A for the eight-layer inductor (Nl = 8)
at the porosity factor η = 0.9. It can be seen that the high-frequency normalized
winding ac resistance at 5-th harmonic frequency is valid in the range, where the
normalized winding ac resistance in (7.11) decreases, below the local minimum of
normalized winding ac resistance.
The approximate high-frequency total winding power loss is
PwHF ≈ Pwdc
(
1 +
∞
∑
n=1
γ2nFRHFn
)
≈ Pwdc
[
1 +
(
π
4
)0.75√
η
2N2l + 1
3
(
d
δw
)
∞
∑
n=1
√
nγ2n
]
≈ 4ρwlwI
2
DC
πδ2w
[
1
(
d
δw
)2 +
(
π
4
)0.75√
η(2N2l + 1)δw
3d
∞
∑
n=1
√
nγ2n
]
. (7.25)
Referring to Fig. 7.1, it can be seen that there is the solid-round wire diameter
range, for d ≫ dvt, where the total winding power loss is equal or lower than the total
winding power loss at the local minimum. The diameter of the solid-round wire at
which the total winding power loss is equal to the total winding power loss at the
local minimum is called the total-power-critical diameter dcrt, where dcrt ≫ dvt.
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Equating the total winding loss at the local minimum given in (7.21) with the
approximate high-frequency total winding power loss given in (7.25) and solving for
d, one obtains the normalized total-power-critical wire diameter for solid-round-wire
windings given by
dcrt
δw
=
√
2.5(2N2l + 1)
∑
∞
n=1
√
nγ2n
π
3
4
√
η(5N2l − 1)
∑
∞
n=1 n
2γ2n(1 +
∑
∞
n=1 γ
2
n)
+
√
45 (2N2l + 1)
2
(
∑
∞
n=1
√
nγ2n)
2
+ 72
√
45(5N2l − 1)
∑
∞
n=1 n
2γ2n(1 +
∑
∞
n=1 γ
2
n)
12
√
(
π
4
) 3
2 η(5N2l − 1)
∑
∞
n=1 n
2γ2n(1 +
∑
∞
n=1 γ
2
n)
.
(7.26)
It can be shown that the normalized total-power-critical wire diameter increases
as the number of layers in the winding increases. Moreover, the total-power-critical
wire diameter increases as the number of significant harmonics increase and as the
RMS ac current at the n-th harmonic frequency normalized with respect to the dc
current γn increase.
7.5 Inductor Design
In this section, the inductor with a local minimum of total winding power losses Pwvt
was designed. The inductor was used in the PWM dc-dc buck converter, operating in
the discontinuous conduction mode (DCM). The buck converter specifications were
as follows: input voltage VI = 373 V, output voltage VO = 85 V, output current
IO = 0.3 A, and switching frequency fs = 40 kHz. In the design, the efficiency of the
buck converter was assumed to be ηconv = 0.97 and the dwell-duty cycle was assumed
to be Dw = 0.4.
For these parameters, the output power is
PO = VOIO = 25.5 W. (7.27)
The load resistance is
RL =
VO
IO
=
85
0.3
= 283.3 Ω. (7.28)
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The dc voltage transfer function is
MV DC =
VO
VI
=
85
120
= 0.2277. (7.29)
The inductance of the designed buck converter operating in DCM with the required
dwell-duty cycle is [14], [54]
L =
ηconvRL(1−MV DC)(1−Dw)2
2fs
=
0.97× 283.3× (1− 0.253)× (1− 0.25)2
2× 40× 103
= 955.18 µH. (7.30)
Selecting the inductance L = 952 µH, the MOSFET on-duty cycle is [54]
D =
√
√
√
√
2fsLM2V DC
ηconvRL(1−MV DC)
=
√
√
√
√
2× 40× 103 × 952× 10−6 × 0.2532
0.97× 283.3× (1− 0.253) = 0.1364.
(7.31)
and the diode on-duty cycle is [54]
D1 = D
(
1
MV DC
− 1
)
= 0.1364×
(
1
0.2277
− 1
)
= 0.4626 (7.32)
The maximum inductor current is
ILmax = ∆iLmax =
D(VI − VO)
fsL
=
0.1364× (373− 85)
40× 103 × 952× 10−6 = 1.0326 A. (7.33)
The maximum energy that can be stored in the magnetic field of the inductor is
Wm =
1
2
LI2Lmax =
1
2
× 952.47× 10−6 × 1.03262 = 0.508 mJ. (7.34)
Assuming the core window utilization factor Ku = 0.4 [14], the peak of magnetic
flux density Bpk = 0.2, and the maximum magnitude value of the current density
Jm(max) = 5 A/mm
2, the core area product is
Ap =
2Wm
KuJm(max)Bpk
=
2× 0.508× 10−3
0.4× 5× 106 × 0.2 = 0.2538 cm
4. (7.35)
The Magnetics 0R42616 ferrite gapped pot core with the gap length lg = 1 mm
and with the 00B261601 bobbin was chosen. According to the Magnetics pot core
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catalogue [88], this core satisfies the minimum area product value with an Ap =
0.39 cm4. The initial permeability of the core R material was µr = 2300± 25%.
The parameters of the 0R42616 pot core and the bobbin were: the core cross-
section area Ac = 0.939 cm
2, the length of the core lc = 3.76 cm, the volume of the
core Vc = 3.53 cm
3, the height of the bobbin window Eb = 0.993 cm, and the MTL
lT = 5.3 cm.
For the chosen core, the required number of winding turns is
N =
√
(lg + lc/µrc)L
µ0Ac
=
√
(10−3 + 3.76× 10−2/2300)× 952× 10−6
4× π × 10−7 × 0.939× 10−4 ≈ 90. (7.36)
The cross-sectional area of the winding conductor is given by [14]
Aw =
πd2
4
=
Im
Jm
, (7.37)
where Im = ILm1 is the amplitude of the fundamental component of the inductor
current and Jm is the magnitude value of the current density. Typical magnitudes of
current density range from 1 to 5 A/mm2 [14]. Using [15, eq. (21)], the amplitude
of the fundamental component of the inductor current is Im = 0.4426 A. Therefore,
rearranging (7.37) for the maximum magnitude value of the current density Jm(max) =
5 A/mm2, the minimum diameter of the winding conductor is
dmin =
√
√
√
√
4Im
πJm(max)
=
√
4× 0.4426
π × 5× 106 ≈ 0.336 mm. (7.38)
The nearest diameter to the calculated dmin is for AWG27 with the bare wire diameter
d = 0.36 mm and the insulated wire diameter is do = 0.409 mm. The maximum
number of turns in the inductor layer is
Ntl =
Eb
do
=
9.93× 10−3
0.409× 10−3 = 24.27 ≈ 24. (7.39)
Hence, the minimum number of inductor layers is
Nl =
N
Ntl
=
90
27
= 3.75 ≈ 4. (7.40)
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Using (7.18), for the four-layer inductor (Nl = 4) at the porosity factor η =
d/p = 0.9, the total-power-valley diameter of the inductor winding at which the local
minimum of the winding power losses occur is dvt = 0.399 mm. The closest gauge
to the total-power-valley diameter is for AWG26 with d = 0.405 mm and do = 0.452
mm.
For the minimum magnitude value of the current density Jm(min) = 1 A/mm
2 [14],
the maximum diameter of the winding conductor is
dmax =
√
√
√
√
4Im
πJm(min)
=
√
4× 0.4426
π × 106 ≈ 0.751 mm. (7.41)
The nearest diameter to the calculated dmax is for AWG21 with the bare wire diameter
d = 0.7229 mm and the insulated wire diameter do = 0.785 mm.
The value of the fundamental RMS ac current normalized with respect to the dc
current for the designed inductor is
γ1 =
I1
IDC
=
0.3129
0.3093
= 1.0118. (7.42)
Therefore, for the four-layer inductor, γ1 > γ1(min) = 0.0427 and the local optimum
exists. Using (7.26), for the four-layer inductor (Nl = 4) conducting 100 harmonics at
η = d/p = 0.9, the total-power-critical diameter of the inductor winding at which the
total winding power loss is the same as this at the local minimum is dcrt = 1.2 mm.
The closest gauge to the total-power-critical wire diameter is AWG16 with d = 1.29
mm and do = 1.37 mm. However, for the chosen core, it is impossible to wind the
four-layer inductor with the total-power-critical solid-round wire diameter due to low
available space in the winding window of the core bobbin.
Fig. 7.6 shows the total winding power loss Pw as a function of the converter
output power PO for three different dc input voltages VI = 353, 373, and 393 V. It
can be seen that the maximum winding power loss Pw occurs at the maximum output
power POmax = 25.5 W and the input voltage VI = 393 V. Fig. 7.7 shows the total
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Figure 7.6: Plots total winding power losses Pw as a function of converter output
power PO of the designed inductor for the PWM dc-dc converter at three different
input voltages VI = 353, 373, and 393 V.
winding power loss Pw as a function of the converter dc input voltage VI for three
different converter output powers PO = 25.5, 10, and 5 W. It can be seen that the
total winding power loss Pw increases as the input dc voltage increases and that the
total winding power loss is the highest for the maximum output power Po = 25.5 W.
Fig. 7.8 shows the inductor current waveform factor kw as a function of the output
power PO for the designed PWM dc-dc buck converter at VI = 373 V. It can be seen
that as the converter output power PO increases, the inductor current waveform factor
kw also increases. Therefore, when the output power increases, the normalized total-
power-valley diameter dvt/δw increases. Observe that for the converter output power
PO ≈ 2.87 W, the inductor current waveform factor is kw = 1. According to (7.18),
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Figure 7.7: Plots total winding power lossesPw as a function of converter input voltage
VI of the designed inductor for the PWM dc-dc converter at three different converter
output powers PO = 25.5, 10, and 5 W.
when the inductor current waveform factor kw is equal to unity, the normalized total-
power-valley diameter dvt/δw is equal to the normalized valley diameter dv of the
solid-round-wire winding conducting only sinusoidal current [84]. Note that when
the inductor current waveform factor kw is less than unity (kw < 1), the normalized
total-power-valley diameter is lower than the normalized valley diameter dv of the
solid-round-wire winding conducting only sinusoidal current [84]. Fig. 7.9 shows the
inductor current waveform factor kw for the designed PWM dc-dc buck converter
as a function of the dc input voltage VI . It can be seen that as the input voltage
increases the current waveform factor decreases and, therefore, the normalized total-
power-valley diameter dvt/δw decreases.
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Figure 7.8: Inductor current waveform factor kw as a function of the output power
PO for the designed PWM dc-dc buck converter at VI = 373 V.
7.6 Experimental Verification
In this section, experimental verification of equations (7.4) and (7.18) is performed.
For this purpose, 3 four-layer inductors (Nl = 4), wound with AWG26, AWG24, and
AWG20 magnet wire have been build and measured. To achieve the required induc-
tance L ≈ 952 µH of the four-layer inductors wound with AWG24 and AWG20 at
switching frequency fs = 40 kHz, the gap length was varied. The inductor equivalent
series resistance r (ESR) [4], [14], the self-inductance L, and first self-resonant fre-
quency fr were measured using the HP 4194A impedance/gain-phase analyzer with
16047D test fixture. Table 7.1 gives parameters of measured inductors.
Referring to the lumped parameter inductor model in [14, Fig. 9.2(b)], and ne-
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Figure 7.9: Inductor current waveform factor kw as a function of the dc input voltage
VI for the designed PWM dc-dc buck converter at PO = 25.5 W.
glecting the core resistance Rcs, the impedance of the inductor model is
Z =
Rs
(1− ω2LC)2 + (ωCRs)2
+ jωL
1− ω2LC − CR2s
L
(1− ω2LC)2 + (ωCRs)2
= r + jx, (7.43)
Inductor American Number of Capacitance Res. Freq.
Number Wire Turns C fr
# Gauge N (pF) (MHz)
1 26 88 13.13 1.425
2 24 70 13.75 1.392
3 20 44 25.41 1.087
Table 7.1: Parameters of designed and measured inductors.
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where x is the equivalent series reactance, C is the parasitic self-capacitance of the
inductor, and Rs is the total ac inductor series resistance. Neglecting the core losses,
Rs = Rw.
To transform the measured equivalent series resistance r into the actual winding
ac resistance, the following expression is used [4], [22]
Rs = Rwn =
1−
√
1− 4ω2r2C2(1− ω2LC)2
2rω2C2
. (7.44)
The first self-resonant frequency of the inductor is
fr =
ωr
2π
=
1
2π
√
LC
. (7.45)
For f << fr = 1/(2π
√
LC) and f << 1/(2πCRs), r ≈ Rs. Typically, for the
frequencies from 0.4fr to 2fr, r > Rs. For f > 2fr, r < Rs.
Fig. 7.10 shows Dowell’s and actual winding ac resistances for the four-layer induc-
tor (Nl = 4) wound with the AWG26 solid-round wire. It can be seen that winding ac
resistance given by Dowell’s equation tracks actual inductor winding resistance with
high accuracy.
The actual total winding power loss was obtained from measured winding dc and
ac resistances. Fig. 7.11 shows the theoretical and actual total winding power loss
of the designed inductor wound with an AWG26 round wire. It can be seen that
the predicted minimum power winding losses exactly occurred for the AWG26 solid-
round-wire winding.
From (7.4), the winding power loss per unit length due to the current in (7.1) is
given by
Plw =
Pw
lw
=
4ρwI
2
DC
πd2
(
1 +
∞
∑
n=1
FRnγ
2
n
)
=
4ρwI
2
DC
πδ2w



1
(
d
δw
)2 +
∞
∑
n=1
γ2nFrn


 . (7.46)
This equation is used to compare the winding power losses of the inductors with the
same number of layers but wound with different wire gauge and, therefore, different
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Figure 7.10: Plots of Dowell’s winding ac resistance (solid line) and actual ac resis-
tance (circles) as functions of frequency for the four-layer inductor (Nl = 4) wound
with AWG26 operating in PWM dc-dc buck converter in DCM.
solid-round wire length lw. Fig. 7.12 compares actual total winding power loss per
unit length for inductors wound with AWG26, AWG24, and AWG20 round wire
windings. Observe that the actual total winding power loss per unit length is the
lowest for the inductor wound with AWG26 solid-round wire. It can be seen that the
predicted total winding power loss per unit length accurately track the actual total
winding power loss per unit length of inductors #1, #2, and #3.
7.7 Conclusion
In this chapter, analytical optimization of the solid-round-wire windings conducting
both the dc and ac non-sinusoidal periodic currents has been performed. The normal-
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Figure 7.11: Plots of winding dc power loss Pwdc, winding ac power loss Pwac total
power loss Pw, and actual total winding power loss for inductor wound with AWG26
round wire as function of diameter d for four-layer inductor (Nl = 4) of a winding
conductor length lw = 4.664 m operating in PWM dc-dc buck converter in DCM at
full power.
ized total-power-valley wire diameter of the solid-round-wire windings at which the
local minimum of the total winding power loss (dc and ac) occurs has been derived.
The expression for the local minimum of the total winding power loss has been given.
One of the contributions of this chapter is the minimization of winding power loss for
PWM dc-dc converters operated in discontinuous conduction mode. Another contri-
bution of this chapter to the discussion on the winding power loss minimization is
that it shows that the local minimum of the total winding power loss does not always
exist. This subjects have not been addressed yet in the literature.
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Figure 7.12: Plots of winding power loss per unit length (solid line) Plw, and actual
winding power loss per unit length (circles) as function of diameter d for inductors
wound with AWG26, AWG24, and AWG20 round wire for four-layer inductor (Nl = 4)
operating in PWM dc-dc buck converter in DCM at full power.
A low- and medium-frequency approximation of Dowell’s equation for the ac-to-dc
resistance ratio at the n-th harmonic frequency has been derived. The expressions for
the normalized total-power-valley diameter and the local minimum of total winding
power loss have been obtained using low- and medium-frequency approximation of
the total winding power losses (dc and ac). It has been shown that the normalized
total-power-valley diameter depends on the number of layers Nl and the fundamental
frequency f of the current. As both the fundamental frequency and the number of
winding layers increase, the normalized total-power-valley diameter decreases. This
results in a lower cross-sectional area of the conductor and the higher magnitude of
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the current density Jm.
The high-frequency approximation of Dowell’s equation for the ac-to-dc wind-
ing resistance ratio at the n-th harmonic frequency has been derived. Based on
the high-frequency ac-to-dc winding resistance ratio, the approximate high-frequency
total winding power loss have been derived for windings conducting dc and ac non-
sinusoidal periodic currents. Additionally, the normalized total-power-critical wire
diameter of the solid-round-wire windings, at which total winding loss is equal to the
total winding loss at the local minimum, has been given.
From the analysis performed in this chapter, the following main conclusions can
be drawn:
• For the solid-round-wire winding conducting both the dc and ac non-sinusoidal
periodic currents, the local minimum value of total winding power losses occurs
at a larger solid-round wire diameter than that for the solid-round-wire winding
conducting only ac non-sinusoidal periodic currents.
• As the number of significant harmonic currents flowing through the winding
increases, the winding ac power loss and total winding power loss increase.
• The total-power-valley wire diameter at which the local minimum of the total
winding losses (both dc and ac) occurs depends on the number of inductor
winding layers Nl and it decreases as the number of layers increases.
• The total-power-valley wire diameter depends on the number of significant har-
monic currents and it decreases as the number of significant harmonics n in-
creases.
• The total-power-valley diameter increases the RMS ac current at the n-th har-
monic frequency normalized with respect to the dc current γn decreases.
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• The total-power-critical wire diameter increases as the number of layers in the
inductor winding Nl increase.
• The total-power-critical wire diameter increases as the number of significant
harmonics n flowing through the inductor winding increases.
• When the dc current is much grater than the RMS value of the fundamental,
i.e., γ1 < γ1(min) the local minimum of the total winding power loss does not
exists and the total winding power loss is approximately equal to the winding
dc power loss.
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8 Conclusions
8.1 Summary
The winding resistance and the winding power loss of high-frequency power induc-
tors has been addressed in this research. Using approximate equation for the ac-to-dc
winding resistance ratio of the individual layer of the foil inductor the optimum foil
thickness of each layer has been derived. Low- and medium-frequency approximation
of Dowell’s equation has been derived and used for optimization of foil thickness in
the multi-layer foil windings conducting sinusoidal currents. The normalized valley
foil thickness hv/δw at which the global minimum of winding ac resistance occurs has
been derived. The normalized hill foil thickness hh/δw at which the local maximum
of the winding ac resistance occurs has been given. It has been shown that for the
windings made of the foil thickness larger than the hill thickness hh the winding resis-
tance remains constant. The low- and medium-frequency approximation of Dowell’s
equation for the foil winding has been adapted for the solid-round-wire winding con-
ducting sinusoidal currents. It has been shown that the behavior of the winding ac
resistance of the foil winding is different than the solid-round wire winding. Using low-
and medium-frequency approximation of Dowell’s equation analytical optimization of
solid-round-wire winding has been performed. The equation for the normalized valley
diameter dv/δw, at which the local minimum of the winding ac resistance occurs, has
been derived. The equation for the winding ac resistance at the valley Rwv (local
minimum) has been also derived. Using least-square fitting method the normalized
hill diameter dh/δw of the solid-round-wire windings at which the local maximum of
winding ac resistance occurs has been given. For the solid-round-wire winding, using
high-frequency approximation of Dowell’s equation along with the equation for the
winding ac resistance at the valley Rwv (local minimum) the normalized critical wire
diameter has been derived dcr/δw. The winding ac resistance of the winding made
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of gauge grater than the critical diameter, i.e., d > dcr, is lower than that for the
winding made of valley diameter dv.
An approximate model and a modified Dowell’s equation for litz-wire and multi-
strand wire winding has been presented. The proposed model takes into account the
proximity effect between strands within a litz-wire bundle as well as the proximity ef-
fect between the layers of the litz-wire bundles. For this model, Dowell’s equation has
been adapted, resulting in the analytical expressions for the ac-to-dc winding resis-
tance ratio FR(litz) and winding ac resistance Rw(litz) of litz-wire windings. The low-
and medium-frequency approximation of litz-wire ac-to-dc winding resistance ratio
has been given, expression for the litz-wire optimum strand diameter, and equation
for the number of strands in litz-wire bundle at which minimum winding resistance
is achieved has been derived. An example of a design procedure of litz-wire winding
inductor has been presented. The equation for the winding ac resistance Rw(litz) of
litz-wire winding has been experimentally verified. The predicted results were in good
agreement with the measured ones.
The minimization of the ac winding power loss and the total winding loss has been
performed. Equations for the optimum foil winding thickness conducting harmonic
currents and the optimum foil winding thickness conducting harmonic currents super-
imposed on the dc component have been derived. The low- and medium-frequency
approximation of the normalized winding ac resistance has been used for ac winding
power loss and total winding power loss optimizations. It has been shown that the
optimum foil thickness for the foil inductor conducting only ac harmonic currents
is lower than that conducting the same ac harmonic current superimposed on the
dc component. The design of the optimum foil thickness inductor winding has been
shown for the pulse-width modulated dc-dc converter in the discontinuous conduction
mode. The presented theory has been verified with measurements. The theoretical
results were in agreement with the measurements.
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Analytical optimization of the solid-round-wire windings conducting both the dc
and ac non-sinusoidal periodic currents has been performed. The normalized total-
power-valley wire diameter of the solid-round-wire windings at which the local min-
imum of the total winding power loss (dc and ac) occurs has been derived. The
expression for the local minimum of the total winding power loss has been given.
One of the contributions of this research is the minimization of winding power loss
for PWM dc-dc converters operated in discontinuous conduction mode. Another con-
tribution of this research to the discussion on the winding power loss minimization is
that it shows that the local minimum of the total winding power loss does not always
exist. This subjects have not been addressed yet in the literature.
8.2 Contributions
The contributions of this dissertation are:
• Approximation of Dowell’s equation has been derived.
• For the foil windings conducting sinusoidal currents:
– Expression for the normalized valley thickness of the foil at which the
global minimum of the winding ac resistance occurs has been derived.
– Expression for the winding ac resistance at the valley (global minimum)
has been derived.
• For the solid-round-wire windings conducting sinusoidal currents:
– Expression for the normalized valley diameter dv/δw at which the local
minimum of winding ac resistance occurs has been derived.
– Expression for the normalized hill diameter dh/δw at which the local max-
imum of winding ac resistance occurs has been given.
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– Expression for the normalized critical diameter dcr/δw, where dcr ≫ dv, at
which the winding ac resistance is the same as at the local minimum has
been derived.
• For the litz-wire and multi-strand wire windings conducting sinusoidal currents:
– The proposed approximate model and the modified Dowell’s equation for
litz-wire windings predicts the litz-wire winding resistance of the inductor.
– A relatively simple equation for the winding resistance of litz-wire and
multi-strand wire winding has been developed.
– Expression for the optimum strand diameter has been derived.
– Expression for the number of strands in the litz-wire bundle at which the
minimum winding ac resistance is obtained has been derived.
– A design of the inductor with optimized litz-wire winding has been shown.
• For the foil windings conducting non-sinusoidal periodic currents with and with-
out dc offset:
– Expression for the optimum foil thickness in order to achieve the minimum
ac winding power loss of a foil inductor conducting ac harmonic currents
has been derived.
– Expression for the optimum foil thickness in order to achieve the mini-
mum total winding power loss of foil inductor conducting both dc and ac
harmonic currents has been derived.
– Approximate expressions for the ac winding power loss of foil inductors at
low and medium frequencies has been derived.
– Approximate expressions for the total winding power loss of foil inductors
at low- and medium-frequencies has been derived.
149
– Design procedure for foil inductors with the optimum foil thickness for
PWM dc-dc boost converter operating in DCM has been shown.
• For the solid-round-wire windings conducting non-sinusoidal periodic currents
with dc offset:
– Relationship among the fundamental current, the dc current, and the num-
ber of layers for which the local minimum of the total dc and ac solid-round-
wire winding losses exists has been given.
– Expression for the normalized total-power-valley wire diameter of the solid-
round-wire windings, where the local minimum of the winding dc and ac
power losses (valley) occurs has been derived.
– Expression for the normalized total-power-critical wire diameter of the
solid-round-wire windings (greater than the normalized total-power-valley
wire diameter), where the winding dc and ac power losses are equal to the
winding dc and ac power losses at the local minimum (valley) has been
derived.
– Design procedure of the solid-round wire inductor optimized for the mini-
mum of winding dc and ac power losses for the PWM dc-dc buck converter
operating in discontinuous conduction mode (DCM) has been given.
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9 Appendices
9.1 Approximation of Dowell’s Equation using Maclaurin’s
Serieses
Assuming function f(x) that has derivatives of all orders at the point x = a Taylor’s
series about the point x = a is defined as
f(x) =
∞
∑
n=0
f (n)(a)
n!
(x−a)n = f(a)+f ′(a)(x−a)+ f
′′(a)
2!
(x−a)2+ f
′′′(a)
3!
(x−a)3+ ....
+
f (n)(a)
n!
(x− a)n. (9.1)
Maclaurin’s series for f(x) is the Taylor’s series for f(x) about the point x = 0
f(x) =
∞
∑
n=0
f (n)(0)
n!
(x)n = f(0)+f ′(0)(x)+
f ′′(0)
2!
(x)2+
f ′′′(0)
3!
(x)3+ ....+
f (n)(0)
n!
(x)n.
(9.2)
Below are given Maclaurin’s series of the hyperbolic and trigonometric functions
used in Dowell’s equation
sinh ax =
∞
∑
n=0
1
(2n+ 1)!
(ax)2n+1 = ax+
(ax)3
3!
+
(ax)5
5!
+
(ax)7
7!
+....+
1
(2n+ 1)!
(ax)2n+1
(9.3)
sin ax =
∞
∑
n=0
(−1)n
(2n+ 1)!
(ax)2n+1 = ax− (ax)
3
3!
+
(ax)5
5!
− (ax)
7
7!
+ ....+
(−1)n
(2n+ 1)!
(ax)2n+1
(9.4)
cosh(ax) =
∞
∑
n=0
1
(2n)!
((ax))2n = 1+
(ax)2
2!
+
(ax)4
4!
+
(ax)6
6!
+ ....+
1
(2n)!
(ax)2n (9.5)
cos(ax) =
∞
∑
n=0
(−1)n
(2n)!
((ax))2n = 1− (ax)
2
2!
+
(ax)4
4!
− (ax)
6
6!
+ ....+
(−1)n
(2n)!
(ax)2n (9.6)
Taking into account only first three components of (9.3), (9.4), (9.5), (9.6) the
skin-effect factor can be approximated by
FS =
sinh(2x) + sin(2x)
cosh(2x)− cos(2x) =
2x+ 8x
3
3!
+ 32x
5
5!
+ 2x− 8x3
3!
+ 32x
5
5!
1 + 4x
2
2!
+ 16x
4
4!
− 1 + 4x2
2!
− 16x4
4!
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=
4x
(
1 + 16
120
x4
)
4x2
=
1
x
+
4
30
x3. (9.7)
Taking into account only first two components of (9.3), (9.4), (9.5), (9.6) the
proximity-effect factor can be approximated by
FP =
sinh(x)− sin(x)
cosh(x) + cos(x)
=
x+ x
3
3!
− x+ x3
3!
1 + x
2
2!
+ 1− x2
2!
=
1
6
x3. (9.8)
Therefore, substituting A instead of x in (9.7) and (9.8), Dowell’s equation can
be approximated by
FR = A
[
sinh(2A) + sin(2A)
cosh(2A) + cos(2A)
+
2(N2l − 1)
3
sinh(A)− sin(A)
cosh(A) + cos(A)
]
≈ A
[
1
A
+
4A3
30
+
2(N2l − 1)
3
A3
6
]
≈ 1 + 10N
2
l + 2
90
A4 ≈ 1 + 5N
2
l + 1
45
A4. (9.9)
However, in the research modified approximation of Dowell’s equation [45] will be
used, since it describes the winding resistance is wider frequency range. The modified
equations is given by
FRLMF = 1 +
5N2l − 1
45
A4. (9.10)
9.2 Derivation of Low- and Medium-Frequency Approxima-
tion of Dowell’s Equation for Foil Windings at Harmonic
Frequency
The approximate equations for the ac-to-dc winding resistance ratio FRLMF of the
inductor conducting sinusoidal current is given by [45], [14], [69]
FRLMF =
RwLMF
Rwdc
≈ 1 + 5N
2
l − 1
45
(
h
δw
)4
. (9.11)
Hence, the low- and medium-frequency winding ac resistance for the inductor con-
ducting sinusoidal current is given by
RwLMF = FRLMFRwdc
=
ρwlw
bδw
(
h
δw
)

1 +
5N2l − 1
45
(
h
δw
)4

 =
ρwlw
bδw


1
(
h
δw
) +
5N2l − 1
45
(
h
δw
)3

 . (9.12)
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The normalized winding ac resistance for the inductor conducting sinusoidal current
is given by [14]
FrLMF =
FRLMF
(
h
δw
) ≈ 1h
δw
+
5N2l − 1
45
(
h
δw
)3
. (9.13)
The skin depth of the winding conductor at the n-th harmonic of the inductor
current is given by [14]
δwn =
√
2
ωnµ0σw
=
1√
πµ0σwnf
=
√
ρw
πµ0nf
=
δw√
n
for n = 1, 2, 3, .... . (9.14)
Substituting the skin depth at n-th harmonic in (9.14) into (9.11), we obtain
the ac-to-dc winding resistance ratio at the n-th harmonic for low- and medium-
frequencies
FRLMF (n) =
RwLMF (n)
Rwdc
≈ 1 + n
2(5N2l − 1)
45
(
h
δw
)4
. (9.15)
Therefore, the winding ac resistance ratio at the n-th harmonic for low- and medium-
frequencies is expressed as
RwLMF (n) = FRLMF (n)Rwdc
=
ρwlw
bδw
(
h
δw
)

1 +
n2(5N2l − 1)
45
(
h
δw
)4

 =
ρwlw
bδw


1
(
h
δw
) +
n2(5N2l − 1)
45
(
h
δw
)3

 .
(9.16)
Hence, the normalized winding ac resistance for the n-th harmonic is
FrLMF (n) =
FRLMF (n)
(
h
δw
) =
RwLMF (n)
ρwlw
bδw
≈ 1h
δw
+
n2(5N2l − 1)
45
(
h
δw
)3
. (9.17)
9.3 Fourier Series of The Inductor Current for the Pulsewidth-
Modualted Dc-Dc Converters in DCM
From Fig. 9.1, the inductor current waveform for the pulsewidth-modulated dc-dc
converter in DCM is
iL =





∆iL
DT
t, for 0 < t ≤ DT
−∆iL
D1T
(t−DT ) + ∆iL, for DT < t ≤ (D +D1)T
0, for DwT < t ≤ T
(9.18)
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iL(t)
ΔiL
DT
IL
0
D1T DwT
T t
Figure 9.1: Inductor current waveform iL(t) for the PWM dc-dc power converters
operating in DCM.
The Fourier series of the inductor current in (9.18) is given by
iL(t) = IL +
∞
∑
n=1
(an cos nωt+ bn sin nωt)
= IL +
∞
∑
n=1
Imn cos(nωt+ φn) (9.19)
where the amplitude of each harmonic is
Imn =
√
a2n + b
2
n (9.20)
and the phase shift is
φn = − arctan
(
bn
an
)
. (9.21)
The dc component of the inductor current is
IL =
1
T
∫ (D+D1)T
0
iL(t)dt =
∆iL(D +D1)
2
. (9.22)
The Fourier series coefficients are
an =
2
T
∫ (D+D1)T
0
iL(t) cos(nωt)dt =
∆iL
2π2n2DD1
Xn =
IL
π2n2DD1(D +D1)
Xn (9.23)
and
bn =
2
T
∫ (D+D1)T
0
iL(t) sin(nωt)dt =
∆iL
2π2n2DD1
Yn =
IL
π2n2DD1(D +D1)
Yn (9.24)
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where
Xn = D1[cos(2πnD)− 1]−D{cos[2πn(D +D1)]− cos(2πnD)} (9.25)
and
Yn = D1 sin(2πnD)−D{sin[2πn(D +D1)]− sin(2πnD)}. (9.26)
Substituting (9.23), (9.24), (9.25), and (9.26) into (9.20), one obtains amplitudes
of the fundamental component and the harmonics of the inductor current of the PWM
dc-dc converters operating in DCM
Imn =
√
a2n + b
2
n =
∆iL
2π2n2DD1
√
X2n + Y
2
n =
IL
π2n2DD1(D +D1)
√
X2n + Y
2
n . (9.27)
9.4 Derivation of Low- and Medium-Frequency Approxima-
tion of Dowell’s Equation for Solid-Round-Wire Wind-
ings at Harmonic Frequency
The low and medium frequency approximation of the ac-to-dc winding resistance
ratio for the winding conducting sinusoidal current il(t) = ILm sinωt is expressed as
[45]
FRLMF ≈ 1 +
5N2l − 1
45
A4 = 1 +
5N2l − 1
45
(
π
4
)3
η2
(
d
δw
)4
. (9.28)
The skin depth of the winding conductor at the n-th harmonic of the inductor current
is given by [14]
δwn =
√
2
µ0σwnω
=
1√
πµ0σwnf
=
√
ρw
πµ0nf
=
δw√
n
. (9.29)
Substituting the right side of (9.29) in place of δw in (9.28), one obtains the low
and medium frequency approximation of the ac-to-dc winding resistance ratio of the
inductor winding at the n-th harmonic in terms of δw, i.e., fundamental frequency, as
FRLMFn = 1 +
(
π
4
)3
η2(5N2l − 1)
45
(
d
√
n
δw
)4
= 1 +
n2(5N2l − 1)
45
A4. (9.30)
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9.5 Derivation of High-Frequency Approximation of Dowell’s
Equation for Harmonics
The high-frequency approximation of the ac-to-dc winding resistance ratio for the
winding conducting sinusoidal current il(t) = ILm sinωt is expressed as [14]
FRLMF =
2N2l + 1
3
A =
2N2l + 1
3
(
π
4
)0.75 √
η
d
δw
. (9.31)
Substituting the right side of (9.29) in place of δw in (9.31), one obtains the high-
frequency approximation of the ac-to-dc winding resistance ratio of the inductor wind-
ing at the n-th harmonic in terms of δw at the fundamental frequency, as
FRLMFn =
2N2l + 1
3
(
π
4
)0.75√
ηn
d
δw
=
√
n(2N2l + 1)
3
A. (9.32)
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